Percolation — Phase Transition

v'Example of ageometrical phase transition ; "
v'p, — critical threshold separates two phases: \ \
(1) ordered p>p, — infinite cluster U T T
(2) disordered p<p, —finite clusters 5 X
i thermodynamic phase transition / \ / \
VAndogyto | magnetic phase transition i p T

Ferromagnetic — paramagnetic phase transition

T<T, spontaneous magnetization M>0 — ferromagnetic phase
integration between spins P order

T>T, no magnetization M=0 — paramagnetic phase
termal energy p  disorder

M — called “ order parameter” scllesas M ~ (T, - T)®

C - magnetic fluctuations — susceptibility

¢~ (M- M) ~|T- T, ¢

x - correlation length (size of ordered clusters)

X ~[T,- T

b,gn - called critical exponents



Percolation — critical exponent

vp—sameroleasT in thermal phase transitions

v'py, - probability that asite (bond) belongsto ¥ cluster
order parameter p, p (p- p,)°- similar to magnetization

oo

v'X - correlation length — mean distance between two
sites on the same cluster

X “l P - pc |-n

v The average size of finiteclusters S~ |p- p,[* )
(analogous to susceptibility) \

v b and 9 arethe same for p>p_and p<p,

v'For X and Stake into account all finite clusters

v b,n and 9 called critical exponents P describe critical behavior near the transition

v"The exponents are universal

v Universality — property of second order phase transition (order parameter ® 0 continuously)
All magnetsin d=3 have same b
independent on the lattice and type of interactions

v'T_ — depends on details (interactions, |attice) — same for p,



Parcolation 0=2 d=3 d3 6
Orda pararge R.:b 5/36 0417+0003 1
Corrdation length x ;v 4/3 0875+ 0008 12
Meenduder sz S:g 43/18 1.795+ 0005 1
Magngiign d=2 =3 d3 6
Orde paramge mb 1/8 032 1/2
Corrdation length x :v 1 063 1/2
Soeptibility X:g 714 124 1




Percolation — Geometrical Properties

» A percolation cluster can be characterized by fractal geometry
» We can see in the infinite cluster, at p,, holesin all scales—like Sierpinski gasket

» Thecluster is salf-similar (from pixel size to system size)

v;!'v -Y!Tv 17!7- -T!Yv

» The sguarein left top is magnified in right top
P magnified in left bottom
b magnified in right bottom

» Thedifficulty to easily realize
the order isasign of salf-similarity



Percolation — fractal dimension

» The fractal dimension d; describes how the mass M(r) scales within acircle of radiusr
M (r) ~ Ar®

» The center of thecircle on asite

» M(r) isaveraged of many different circles

» Size of finite clusters (° holes) is x - correlation length

> At p® p., x® ¥ ,andwe have holes of all scales

» Above p,, x isfinite and self-similarity exists only for scales smaller than x
» Above x - the cluster is homogeneous!

» Demonstration of self-similarity for scales below x and homogeneous above x



Percolation — Fractal Dimension

dy
» Mathematically: M(r) ~ Ir <X

ird  r>x

Fractal dimension - Theory log

» Relation between d; and b and n:
We can calculate: d,

r log & log r

» The probability that aste belongs to ¥ -cluster istheratio between the number of
sites on the ¥ -cluster (r ) and the total number of sites (r%)
d, -nd;

P R>Xgb (p- ) » PP
X

(p' pc)
P b=-nd; +nd b
df:d_g
n




Fractal Dimension

df:d_g
n
For d=2:b=5/36n=4/3 b d =2- 20 2.2 -9 _1596
364 © 48 48
0.42
For d=3:b=042n=0838 b d, =3- 2% _555
0.88
For d36:b=1n=1/2 b d, =6- - =4
1/2

»d=4foral d36
»d.=6 isthe upper critical dimension
»Samed, isfor finite clustersat P° Pcand P <P



Percolation Chemical Dimension

»Thefractal dimension d; is not enough to characterize the percolation cluster

»Thisis obvious when looking on DLA and percolation
> For d=3 both have same d; =2.5
» Percolation has loops — DLA has no loops



Shortest Path

» For better characterization we study the shortest path between A and B

] L |
A @ | i l
! - -
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|

> The shortest path £ is sdlf-similar with fractal dimensiond_._

Z _ rdmin




Chemica Dimension

> The chemical dimension d, isdefined by
M — }gdﬁ — rdmin>d£

. d; —
since M ~r P |d; =d. . >,

» For percolationin d=2  d, =113
d=3 d_. =138

Only numerical ssmulations! No theory !

» For d36 d

min — 2
Theory: in¥ dimensions - no interactions

each path is arandom walk
/) ~r2 ( ¢-isliketime)

> d., distinguish between DLA and percolation
d.,=1.38 for percolation (d=3)

Oin =1 for DLA (d=3)



Disease and fire spreading

»The chemical distance isimportant for describing disease and fire spreading

»Assume sick people or trees are on alattice with concentration p
» At each stage one chemical shell is infected
»The total number of trees burned until time t=/ is

M (t) =t

» The distance where the disease or fire reached is

1d.,

r~t

»The velocity of spreading is

»Thisistrueonly for | _{/dmn <y

For r>x r~t (regularlattice)
P u=constant
» The constant velocity will occur at

r=x=(p- p)" andt ~x% ~(p- p)"

\ 4



»We can calculate the constant vel ocity:
1

From U = t%

-1

1 21 0
min ) ) ndming_ _1+

=(p-p)
u=(p- p)*™

>For d=2 (d ., -In :O.13><%1 @0.16

d
u=t

- very small exponent

~If at p<p_ thefire (or disease) does not spread at all
just above p, the fire (or disease) spreads very fast which increases when p increases

U

P, P



Percolation — substructures
Backbone, dead ends, red bond and blobs

The fractal dimensions d; andd_, are not enough
to characterize percolation clusters

We impose a voltage drop between two sites on the
Infinite cluster

The backbone includes al bonds which carry current

The dead ends are the parts that do not carry any current rﬁ‘; =

The red bonds (called also singly connected bonds) are
those links that carry all current (dark black). When
they are cut the current stops

Blobs are the parts of the backbone | eft after removing
the red bonds



