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Abstract - We review mcent deve~o~~nts in the study of the diffusion reaction system of
the type A+ B -+ C in which the reactants are initially separated. We consider the case where
the A and B particles are initially placed uniformly in Euclidean space at x > 0 and 2 <
0 respectively. We find that whereas for d > 2 a single scaling exponent characterizes the
width of the reaction zone, a multiscaling approach is needed to describe the one-~~~ion~
system. We also present analytical and numerical results fur the reaction rate on fractais and
percolation systems.

1

Introduction

The dynamics of diffusion controlled reactions of the type A + B -+ C has been studied extensively since
the pioneering work of Smuluchowski [LZ]. Most studies have focused on homogeneous systems, i.e., when
both reactants are initially uniformly mixed in a d-dimensional space, and interesting theoretical and numerical
results have been obtained. When the concentrations of the A and B reactants are initially equal, i.e., CA(O) =
c~(0) = c(O), the concentration of both species is found to decay with time as, c(t) N t-d/4 for Euclidean
d 5 4-dimensional systems [3-101 and as c(t) N t -A& for fractals [5,6] with fracton dimension d, 5 2. Also,
self-segregated regions of A and B in low dimensions (d < 3) [4] and in fractals [9] have been found. Quantities
such as the distributions of domain sizes of segregated regions and inter-particle distances between species of
the same type ‘and different types have been calculated [ 1l-l 31. These systems were also studied theoreticaRy
and numerically under steady state conditions and several predictions have been obtained 114-l 71IHowever, the
above numerical and theoretical predictions have not been observed in experiments, in part because of difficulties
to implement the initially uniformly-mixed distributions of reactants.
In recent years it was realized that diffusion reaction systems in which the reactants are initially separated [ 181,
can be studied experimentally [19,20] and that the dynamics of such a system have several surprising features
[20-271. These systems are characterized by the presence of a dynamical interface or a front that separates the
reactants. Such a reaction front appears in many biological, chemical and physical processes f28-341.
GUi and RlZcz [18] studied diffusion-controlled reactions with initially separated reactants. They studied the
kinetics of the reaction diffusion process by a set of mean-field (MF) type equations,
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(1)
where CAz cA(r , t) and cg = cg (2, t) are the concentrations of A and B particles at position x at time t respectively, DA,B are the diffusion constants and k is the reaction constant. The rate of production of the C-particles
at site z and time t, which we call the reaction-front profile, is given by R(z, t) z IFcAcB.The initial conditions
are that the A species are uniformly distributed on the right-hand side of z = 0 and the B species are uniformly
distributed on the left-hand side.
Using scaling arguments G&hi and Ritcz [18] find that the width w of the reaction front R(z, t) scales with time
as, w N ta with Q = l/6 and the reaction rate at the center of the front, which is called the reaction height, scales
as h N t-O with p = 213.
Experiments [19] and simulations [19,21-241 for d 1 2 systems in which both reactants diffuse, support the
above predicted values for QIand /I. Indeed, Cornell et al [23] argue that the upper critical dimension is d = 2 and
the MF approach should therefore be valid for d 2 2. However, numerical simulations of 1D systems show that
the width exponent appears to be Q N 0.3 and the height exponent ,0 N 0.8 [23,24]. Recently [25] it was argued
that Q varies between l/4 and 3/8, depending on the moment at which the width is calculated. For a more detailed
discussion, see Sec. III. The origin of the difference between the exponents of 1D systems and those of higher
dimensional systems is due to fluctuations in the location of the front which are important in low dimensions and
are neglected in the MF approach.
Taitelbaum et al [20,22] studied analytically Eqs. (1) and presented experiments for the limit of small reaction
constant or short time. The main results are that several measurable quantities undergo interesting crcssovers.
For example, the global reaction rate changes from t1/2 in the short time limit to t-‘j2 at the assymptotic time
regime. The center of the front can change its direction of motion as found in experiments [20]. Ben-Naim and
Redner [26] studied the solution of (1) under steady-state conditions. Generalization of Eqs. (l), by including
persistence effects, were studied by Vilensky et al. [35].

2

The Form of the Reaction Front, R(z, t), in the Mean-Field Approach

In a recent work, Larralde et al. [27] considered the symmetric case in which both diffusion constants and concentrations are equal, i.e., DA = DB EED and cA(Z, 0) = CB(IC,0) = ~0. If we define F(x, t) = CA(5, t) - cg(z, t),
then from Eq. (1) follows,

aF--DE
at

ax21

(2)

subject to the conditions that initially the A particles are unifomdy distributed to the right of the origin while the B
particles are uniformly distributed to the left of the origin. Equation (2) has the solution F(z, t) = Q erf(z/a).
We rewrite the concentrations

of A and B particles as (see Fig. l),

CA(X,
t) = GI(x, t) + SCI(X,t),

CB(X,t) = Gz(x; t) + 6c’+, t);

(3)

where

G(x,t) =

{o

F(x, t)

[x > 01
[x < 01,

(4)
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Fig. 1. Schematic picture of the reactant concentration profiles near the origin. The solid lines represent the Gl,z(z, t) part
of the profile, the dashed lines represent the complete form GQ(z, t) & &(z, t). Note that the profile of species A is given
solely by &(z, t) on the left of the origin. (From Ref. [27].)
and G2(z, t) = G1(-z, t). It is easy to see that under the above conditions, 6cl(z, t) = ~Q(z, t) E 6c(s, t).
Substituting Eqs. (3) into Eqs. (1) yields

The asymptotic solution for this equation that vanishes as z + 00 is,

6c(z, t) - t-3

($)-li4=v
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ex
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where X = (~u/D)‘/~, a E ~/(x0) ‘I2 . As may be confirmed by direct substitution, this expression is a solution
of Eq. (5) up to terms of order (6c)/t, which can be neglected for large t.
Using Eq. (6) we can write an expression for the reaction-front profile R(z, t) defined in (1) as,

R(z, t> N

g(h)

-

(

tm213 -$)3’4exp

[-;

(g-)““I
.

(7)

It is seen that the width of the reaction front grows as t116,whereas the height can be identified with the prefactor
tV2i3 in Eq. (7), consistent with the exponents found by Gafi and R&z [ 181. Equation (7) provides a more quantitative solution of Eqs. (1) than the previous scaling arguments [ 181, as well as information on the dependence
of the form of the reaction front on the parameters co, k, and D, for the symmetric case.
For the case in which one reactant is static no analytical solution (of Eq. 1) exists for the form of the reaction front. However, numerical solutions of Eq. (1) with Dg = 0 shown in Fig. 2, suggest that R(z, t) N
Th e excellent scaling in Fig. 2b suggests that the width does not increase with time,
t+g(z/t”)
exp(-lzl/P).
i.e.,w~Pwithcu=Oandh~t-*with/3=1/2.

3

The Front, R(x,t), in d = 1

The spatial distribution of the C particles in d = 1 systems, R(z, t), when both reactants are diffusing with the
same diffusion constant, D - DE # 0, has been calculated numerically [24]. The data shown in Fig. 3, in a
scaling form, suggest that A -

with 6 = 0.37 f 0.05. in a recent work [25] it was found that the reaction front in one dimension is characterized
by multiple ch~~~~stic
length scales. Let m(t) be the ~d~int
between the rightmost A particle @MA) and
the feftmost 3 particle (LMB). It is found that t(t) G ~~~~~~~i/~ M ts with b s 3f8 independent on Q. Another
length scale that characterizes the reaction front is the distance ebb
between the RMA and LMB. At time t, a
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Fig. 2 Nu~e~c~ solution of Eq. (1) for the case Da = & DA # 0: (a) plot of c(Z, t) as a fiutction of 5 for t = 5M), I@?@
and 5000; (b) the good scaling plot of ~$2, t) as a function of (z - (z)) indicates that (Y= 0 and P = l/2.
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reaction willoccuratposition
m(t) ifand only if&(t)
= 0. It is found that (k’&(t))“q scales as t” witha x l/4
for all q, This result is similar to that found by Weiss at al. [36] for the analogous quantity in the one-dimensional

tmpping problem.
Next, Araujo et al. studied the spatial moments of the reaction front [25],

While both the distributions of m(t) and l&(t) seem to be describable in terms a of single can scale, the moments
of the reaction front do not follow a simple scaling relation. Indeed, the small moments, q + 0, approach the
value cro = l/4, whereas the high moments approach the value CY,= 318 (see Fig. 4). Note that the value a! of
the second moment coincides with the value (E 0.3) obtained in previous numerical studies [23,24].
To explain the behavior of CA,,we studied numerically the form of R(x; t). Our data suggest that
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Fig. 3. Plot of c&,t) defined in Eq. (8) for d = I system with system size L = 10 000 and t = IOOO,
5000 and 10000.
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Fig. 4. plot of erg 8s a function of Q obtained from exxtrapolationto inflnite times for values of q ranging from l/4 to 10.
The solid line represents the theoretical prediction of Eq. (11). Inset shows successive values of the exponents CY*
which
characterize the moments (zq)l/q of the reaction as a function Of 1/t for q = l/2(+), 2(X), 8(O).

(10)

where u = x/t l/4 . Substituting this expression into Eq. (9) yields

*q =

where for

q =

{$;8)

(1/8q)

;; :

(11)

1

(1x1) N t’/41nt.

(12)

Our results for q 2 1 are in good agreement with these theoretical predictions (see Fig. 4). However for q < 1
our results are slightly larger than l/4, which is probably due to difficulties in reaching the assymptotic limit [37].
For the case DA # 0, DB = 0, analytical and numerical studies [38] yield for the reaction front

[l+y-$1,
R(x,t) = ‘(1-?‘)“2e,p[_(x~~~;~)2]
&3/4
pT

(13)

Anomalous kinetics in A + B -, C

163

where 7 and p are constants. From Eq. (13) follows that a = l/4 and @ = 3/4. It is interesting to note that the

time integral of R(z, t), which is the total production of the C particles at z up to time t is given by,

c&t)

= jq
0

( )
x - 7t”2

x,7-)& = !erfc
l

&Z’

(14)

Larralde et al. [38] performed analogous calculations of (d(t))‘~~, for (fiB)l/q, for the case where one of the
reactants is static. Numerically and theoretically, results show that in this case the two exponents coincide: 6 =
d = l/4.
To summarize,

we find four sets of exponents shown in Table 1.
Table 1
d=l

MF (d > 2)

[both moving] l/4 5 crq 5 3/8
b=3/8,a=1/4

4

a = l/6
,0=2/3

The Reaction Rate in d = 2 Percolation

The case of A + B + C with initially-separated reactants on fractal systems was studied on the d = 2 infinite
percolation cluster at criticality [22]. For an illustration of the percolation system see Fig. 5. It is expected that
the total number of reactants up to time t,
00

W,
Jcc@,

-co

scales as the mean displacement of a random walker on a fractal, i.e., (rs)1/2 - tlldw, where & is the anomalous
diffusion exponent [39,40]. From this follows that the reaction rate

R(t) =

J”

R(x,

t)dx - t-,

7=1-l/&.

(15)

--oo

One has to distinguish between reaction-diffusion on the infinite cluster and in the percolation system, containing
also finite clusters [39]. The reaction rate on the infinite cluster system is smaller and decreases more slowly than
that of the system containing clusters of all sizes. This can be understood as follows. At any finite time we can
divide all clusters into two groups according to their sizes: active clusters---clusters of mass s > s*, in which at
time t < t* N .Pdwldfparticles are not aware of the finiteness of their cluster (this group contains the infinite
cluster)-and
inucdve clusters of mass s < s* on which at least one of the reactants has been vanished and the
reaction rate has became zero. According to this picture, in the full percolation system at any time there are active
clusters of finite size that can contribute to the reaction rate. Therefore, the rate of reaction in the percolation
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system is always higher, than on the infinite cluster. Also, at any time there are some finite clusters that become
inactive causing additional (comparing with the infinite cluster network) decrease of the rate of reaction in the
percolation system. Since the system is self-similar one expects a change in the reaction rate exponent.
To quantify the above considerations we can look on each cluster of mass s and linear size T N s 'idf as a reservoir
of particles divided by thefront line into two regimes: A and B. We introduce an active front of a cluster as the
sites belonging both to the cluster and to the front line. The length C, of the active front of a single cluster of size
s is expected to be
d

&NTf

-1 _, s(df-Wf

(16)

Next we assume that the rate of reaction on a cluster of mass s per unit length of active front is

RowN
where t* = sLjdf. Therefore, the total contribution

t-7
(0

t < t*
t>t*

(17)

’

of active clusters of size s to the reaction rate is

R,(t) w qY,s!%,

(18)

where (ps is number of clusters of size s that intersect the front line. One can estimate cpsas follows. In a percolation system of size L x L there are 7~,clusters of mass s. Only a small part of them intersects the front line, those
Pf

in a strip of width w - slldf around the front line. Their fraction is w/L. Therefore, cps N ~71~
Substituting this in (18) we get
d

lldf

-

slidf

n,.

1

n,s+t-7 = te7sn,.

(19)

Thus, the reaction rate in the percolation system is
l?(t) =

F l&(t)

= t-ySf)2-t

= t-7t-6 Et-r’,

s=s*

where

s=Y’-Y=$(T_2).

(20)

These results are in agreement with our 2d simulations, shown in Fig. 6.
We also study the finite size effects on the reaction-diffusion
expect that for the infinite cluster,

system. For a percolation system of size L x L we

IT(t) = L+lt-y,

(21)

while for the percolation system
R(t) = Lt-7’.

(22)
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Pig. 6. (a) Plot of the rate q?(t) for the percolation system (0) and for the infinite percolation claster ( o ). (b) Plot of successive slopes of the data in (a). The exponent y of reaction rate on the infinite claster (+) and on the percolation system
(0).
We expect that at time t+ N Ldw these two rates become equal, since no “small” active cluster exists in the system
above t*. Indeed, equating the last two expressions, Eqs. (21) and (22), we rederive I& (20). The prefactor L in
(22) assures that the reaction rate for percolation system is larger for t < t’ than the reaction rate on the infinite
cluster. Indeed, the ratio of the reaction rates at t = 1 is of the order Lzedl.

\Ve wish to thank F. Leyvraz, S. Redner, H. Taitelbaum and G. H. Weiss for useful discussions.

168

S. HAVLINet al.

References

fl] M. v. Smoluchowski, Z. Phys. Chem. 92,129 (1917).
[2] See, e.g., S. A. Rice, Di~siort-LimitedReactions

(Elsevier, Amsterdam, 1985).

[3] A. A Ovchinnikov and Y. B. Zeldovich, Chem. Phys. 28,215 (1978).
[4] D. Toussiant and F. Wilzek, J. #em. Phys. 78 ,2642 (1983).
[S] P Meakin and H. E. Stanley, J. Phys. A 17, L173 (1984).
[6] K. Kang and S. Redner, Phys. Rev. Lett. 52,955 (1984); Phys. Rev. 32,435 (1985).
[7] K. Lee and E. J. Weinberg, Nucl. Phys. B246,354 (1984).
[8] G. Zumofen, A. Blumen and J. Klafter, J. Cbem. Phys. 82,3198 (1985).
[9] R. Kopelman, Science, 241,162O (1988).
[lo] M. Bramson and J. L. Lebowitz, Phys. Rev. Lett. 61,2397 (1988); J. Stat. Phys. 65,941(1991).
[II] P Argyrakis and R. Kopelman, Phys. Rev. A 41,2121(1990).
1121G. H. Weiss, R. Kopdman and S. Havlin, Pbys. Rev. A 33,466 (1989).
[13] F. Leyvraz and S. Redner, Phys. Rev. Lett. 66,2168 (1991); S. Redner andF. Leyvraz, J. Stat. Phys. 65, 1043 (1991).
1141L. W. Attacker and R. Kopelman, Phys. Rev. Lett. 58,289 (1987); 3. Chem. Phys. 91,5555 (1987).
!lS] K. Lindenberg, B. J. West and R. Kopelman, Phys. Rev. Lett. 60,1777 (1988).
[16] D. ben-Avraham and C. R. Doering. Phys. Rev. A37,5007 (1988).
[17] E. Clement, L. M. Sander and R. Kopelman, Phys. Rev. A 39,6455, (1989).
[I81 L. G&hiand Z. R&cz,Phys. Rev. A 38,3151(1988); for earlier discussions of this problem, see: Ya. B. Zeldovich, Zh.
Tekb. Fiz. 19, 1199 (1949); I. M. Sokolov, Sov. Phys. JETP Letters 44,67 (1986).
[19] Y.E. Koo, L. Li, and R. Ko~lm~,Mol.
65,893 (1991).

Cryst. Liq. Cryst. 183,187 (1990); Y.E. Koo andR Kopdman, J. Stat. Phys.

[20] H. Taitelbaum, Y.E Koo, S. Havlin, R. Kopelman and G.H. Weiss, Phys. Rev. A 46 2151 (1992)
[21] Z. Jiang and C. Ebner, Phys. Rev. A 42,7483 (1990).
[22] H. T~tel&aum, S. Havlin, J. Kiefer, B. L. Trus, and G.H. Weiss, J. Stat. Phys. 65,873 (1991).
[23] S. Cornell, M. Droz, and B. Choppard, Phys. Rev. A 44,4826 (1991).
[24] M. Araujo, S. Havlin, H. Larralde, and H. E. Stanley, Phys. Rev. Lett. 681791 (1992).
[25] M. Araujo, H. Larralde, S. Havhn, and H. E. Stanley, Phys. Rev. Lett. 71,3592 (1993).
[26] E. Ben-Naim and S. Redner, J. Phys. A 25, L57S (1992).
[27] H. Larralde, M. Araujo, S. Havlin and H. E. Stanley, Phys. Rev. A 46,855 (1992).
[28] D. Avnir and M. Kagan, Nature, 307,717 (1984)
[291 G. T. Dee, Phys. Rev. J.&t. 57,275 (1986).
[301 B. Heidel, C. M. Knobler, R. Hilfer and R. Bruinsma, Phys. Rev. Lett. 60,2492 (1986).

Anomalous kinetics in A + B + C

169

[3 11R. E. Liwegang, Natmwiss, Wochensch, 11,353 (18%).
[32] T. Witten and L. M. sander, Phys. Rev. Lett. 47,140O (1981).
[33] R. A. Ball, Ausr. Gemmol. 12,89 (1984).
[34] K. F. Mueller, Science, 255, 1021 (1984).
[35] B. Vilenski, H. Taitelbaum, S. Havlin and G. H. Weiss (preprint).
[36] G.H. Weiss, R. Kopelman and S. Havlin, Flays. Rev. A 39,466 (1989).
[37] Note that a similar multiscaling behavior was found for the momenta of (e”,) in the initially homogeneous reaction,
A + B -+ C, by E Leyvraz and S. Redner, Phys. Rev. A 46,3132 (1992).
[38] H. Larralde, M. Araujo, S. Havlin and H. E. Stanley, F’hys.Rev. A 46, R6 121 (1992).
[39] A. Bunde and S.Havlin eds.Fructuls and Disurdered Systems (Springer, Heidelberg 1991); see also J. Kertesz and T.
Vrcsek, in A. Bunde and S. Havlin, eds.: Fractuls in Science (Springer-Verlag, Berlin 1994) and A.-L. Barabasi and
H. E. Stanley, Fructul Concepts in Surface Gmwth (Cambridge University Press, Cambridge, 1995). .
[40] S. Havlin and D. Ben-Avraham, Adv. in Phys. 36,695 (1987).

