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Cascades are self-reinforcing processes underlying the systemic risk of many
complex systems. Understanding the universal aspects of these phenomena is
of fundamental interest, yet typically bound to numerical observations in
ad-hoc models and limited insights. Here, we develop a unifying approach that
reveals two distinct universality classes of cascades determined by the global
symmetry of the cascading process. We provide hyperscaling arguments
predicting hybrid critical phenomena characterized by a combination of both
mean-field spinodal exponents and d-dimensional corrections, and show how
parity invariance influences the geometry and lifetime of critical avalanches.
Our theory applies to a wide range of networked systems in arbitrary dimen-
sions, as we demonstrate by simulations encompassing classic and novel
cascade models, revealing universal principles of cascade critical phenomena
amenable to experimental validation.

Cascades have long been a topic of intense and interdisciplinary study’,
with applications ranging from the early detection of regime shifts in
ecosystems”® to the analysis of systemic risks in socio-technological
networks’™® or the breakdown of disordered media"™. In the last
decade, in particular, the surge of multilayer’®* and higher-order
network models*?* has highlighted the pervasiveness of cascading
processes accompanied by first-order transitions with scaling
@(a) — s =< |a — a4 and other critical signatures (Fig. 1a). These tran-
sitions, often called mixed-order because of the simultaneous pre-
sence of criticality and discontinuous jumps®?, typically arise in
systems featuring long-range interactions-like e.g. random depen-
dency couplings”*, non-local load sharing® or higher-order
kinetics®***- whose presence makes cascading events to be systemic,
even on low dimensional spatial networks**°. Despite notable
efforts®*, casting these phenomena into a unifying framework for
networks with arbitrary spatial dimension is a fundamental open
challenge from both theoretical and practical perspectives.

Here we address this gap by developing a statistical physics
approach that reveals the existence of two distinct universality classes
of cascades determined by the parity invariance of the cascading
process. By identifying avalanches leading to mixed-order transitions
with exponent 8 = 1/2 as spinodal fluctuations™*, we introduce
hyperscaling arguments predicting “hybrid” critical phenomena for

systemic cascades, i.e. universal scaling exponents endowed with both
mean-field and d-dimensional features (Fig. 1b). In parity-breaking
processes —for brevity, ¢>-cascades— we show that the critical fluc-
tuations accompanying the correlation length divergence,
§ o« |a — a,| "¢, decay faster, v, = 3/2d, then statistical ones™ (v, =2/d),
leaving their signatures hidden under white noise. This latent criticality
becomes more delicate in parity-invariant or ¢$-cascades, where cri-
tical (v4 = 2/d) and statistical fluctuations blend on equal scales. Based
on extensive simulations, we show how an accurate finite-size analysis
allows to distinguish critical contribution to scaling from stochastic
ones. Doing so, we validate our predictions in synthetic and
experimentally-driven models and discuss universal principles of cas-
cade phenomena stemming from our results.

Results

Cascades, Spinodals & Hyperscaling

In systems with positive feedback® ' -mediated by mechanisms such
as dependency couplings, load sharing or other adaptive regulation
processes— local changes in the activity of an element can trigger a
chain of causally linked events whose mutual distance is determined by
the range of the feedback itself. In particular, random or global feed-
back can generate cascades whose inter-event distance scales with the
system’s linear size, enabling local perturbations to runaway at
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Fig. 1| Hybrid critical exponents. a In first-order phase transitions, the spinodal
singularity, as (red circle), marks the limit of metastability (orange curves) beyond
the coexistence threshold (blue symbol). When the control parameter a — +aj,
the order parameter, ¢, has a jump with scaling ¢(a) — ¢s = |a - a ¥ and its critical
fluctuations diverge, producing a one-sided susceptibility divergence y o« |a —

a? |7 (gray curves). b Classes of systemic cascades: strong scaling exponents, like
or y, match spinodal ones in ¢* and ¢° mean-field theories; weak scaling exponents,
like v, D or Q, depend on the dimension d of the underlying spatial network.

arbitrary distances in a mean-field fashion, even when the underlying
network has a low spatial dimension. This is the case of, e.g. randomly
interdependent and k-core percolation on spatial networks** 449,
failure kinetics in regular lattices®**® or electro-thermal runaway in
superconducting and manganites thin films®*°¢, These “systemic cas-
cades” often result in tipping points and mixed-order transitions**°
showing features like those illustrated in Fig. 1a.

Viewed from the theory of first-order transitions®’, the exponents
B, ¥ = 1/2 (see Fig. 1b for details) measured at these mixed-order tran-
sitions are distinctive hallmarks of the spinodal critical point predicted
in the Landau-Ginzburg ¢ mean-field theory*>*°. In fact, earlier works
studying the statistics and kinetics of avalanches during fracture and
rapture events" ™ put forward analogies with nucleation phenomena
near the spinodal. Noteworthy examples are electric breakdown in the
random-fuse model” and stress relaxation in systems governed by
elastic forces, such as the fiber-bundle mode®® or earthquake fault
systems'®. These works set insightful landmarks, yet confined to areas
of physics where mean-field arguments have often been debated due
to the need of considering interactions with a long but finite range.
Nowadays, on the other hand, there is growing awareness that local
events can have significant effects on global scales, which makes mean-
field assumptions increasingly reasonable. Leveraging on these earlier
analogies, we argue here that systemic cascades resulting in mixed-
order transitions physically realize (mean-field) spinodal critical
fluctuations® for any dimension d of the underlying spatial network.
Besides challenging the traditional view of spinodals as unphysical
mean-field constructs, our claim prompts two key remarks:

Rl Landau-Ginzburg ¢° mean-field theory®, i.e. systems with parity
symmetry, predicts spinodals with exponents §=1/2 but y = 1
(Fig. 1b), suggesting the existence of a class of parity-invariant, or
@5, systemic cascades besides the parity-breaking, or ¢3, class
identified by ¢* spinodals;

R2 In mean-field regimes, finite-size and hyperscaling relations are
notoriously subtle due to multiple diverging length scales®®*,
posing equal issues for the study of ¢3 and ¢§ cascades.

The latter is a technical-yet-crucial point for our study. First, recall
that hyperscaling relations like 23 + y = dv and finite-size scaling (FSS)
hold for systems below their upper critical dimension, d., where the
ratio &/L governs FSS®. For d > d_,, i.e. in mean-field regimes, this picture
was long considered to fail due to new diverging length scales coming

in play. This motivated Binder et al.”*’* to introduce a “thermodynamic”
length, ¢ « |a — ag|™"7 with vy = ved/d, governing FSS via ¢/L. Ele-
vating the latter to d, one can read this equivalently by saying that,
above d_, FSS holds if the mean-field correlated volume &% scales with
the available volume L¢, i.e. FSS is realized through the ratio &/L° where
Q = d/d.. Elaborating on this argument, Kenna et al.”>*° recently
developed a renormalization group framework for continuous transi-
tions above d. resolving, among other puzzles, hyperscaling. These
advances set a reference for understanding the (rather unconven-
tional) critical properties of systemic cascades.

Let us return to the hypothesis that systemic cascades realize
spinodal critical fluctuations for any dimension d of the underlying
network. Leveraging on the above FSS arguments, this can be under-
stood in two ways.

i) For systemic cascades, upper and lower critical dimensions
coincide, so that classic hyperscaling holds for every d. In this portrait,
strong-scaling exponents®’ like B, y, g, ... —i.e. those unaffected by
dangerous irrelevant variables (DIVs)— are those for spinodals in ¢* or
¢° field theory, while other (so-called, weak-scaling) exponents depend
on d. In particular, hyperscaling yields the d-dimensional correlation
length exponent v, = (28 + y)/d, the fractal dimension of critical ava-
lanches follows the classic relation D, = d - /v, and the anomalous
dimension (governing the decay of the correlation function) satisfies
Fisher’s relation 4 = 2 - y/v4. Thus, systemic cascades display mean-
field spinodal strong-scaling exponents® and d-dependent weak-
scaling exponents

(3/2d,2d/3,2 — d/3)
(2/d ,3d/4,2 - d)2)

in ¢ —cascades,

(v4,Dg, Ng) = { @)

in @S —cascades.

In this case, FSS holds via the usual ratio &L, where the correlation
length & coincides with Binder’s thermodynamic length ¢, for any
dimension d.

ii) All scaling exponents of systemic cascades are those of mean-
field spinodals but FSS emerges through the ratio &L° for any d, where
Q = d/d_. In this case, Kenna’s scaling relations®° hold both above and
below the spinodal’s upper critical dimension d., so that Dy=Q( +y)/v,
with v = 1/4 (v = 1/2) for ¢ (¢$) cascades, and r; = 2(1 — Q), whose
values coincide with those in Eq. (1).

It is worth stressing that the schemes above are equivalent: while
the former integrates the corrections to DIVs into the weak-scaling
critical exponents, the latter introduces an extra exponent, Q = d/d,, to
correct FSS. Notably, both scaling pictures hold for every dimension d
of the underlying network, that is the long-range nature of cascades
manifests itself through a blend of mean-field spinodal exponents and
d-dimensional DIVs corrections, motivating the name “hybrid” critical
phenomena. In the Methods section (see §M6) we show how this pic-
ture extends to random networks. In the rest of this work we verify
these predictions in synthetic and experimentally-driven cascade
models in finite dimensional lattices.

Hidden under white noise

A striking property stemming from Eq. (1) is that the exponents v, of q;?,
cascades break Chayes’ bound v, > 2/d for finite-size correlations in
disordered systems®, whilst those for ¢§ cascades are marginal with
respect to it. That is, unlike the most classic critical phenomena and
more similarly to crackling noise, the critical fluctuations of systemic
cascades are hidden under the Gaussian noise generated by the sys-
tem'’s disorder. Since the latter dominates FSS at large L, some care
should then be taken when extrapolating v,4, D4 or n4via e.g. finite-size
data collapse®.

To circumvent this issue, we study the convergence of the average
finite-size (a.k.a. pseudocritical) threshold a(L) towards its asymptotic
value ag(e) as L increases®. Notice that this measure is not influenced
by statistical fluctuations since a2'(L): = [ ad,l(a,Ll)da, where
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Fig. 2| Correlation and geometric exponents. a lllustration of ¢3-cascade models
in d = 2: (left) randomly interdependent lattice and (right) a spatial-random (dR)
hypergraph (see text for details). b Finite-size (FS) scaling of the mean critical width,
p2(L) — ps(c0), in interdependent percolation and (c) in 2-core percolation for
increasing dimension, d, and linear size, L, of the underlying lattice; dashed lines
have slopes - 2d/3 for d =2, ..., 8. (Inset, ¢) Fluctuations of the FS-thresholds,
a(ps(N)) =< N2, with N = L% d FS-scaling of the mean size of the largest finite
avalanches, sT%, sampled at p(L) in interdependent percolation and e in 2-core
pruning; dashed lines correspond to the fractal dimension 2d/3 ford =2, ..., 8.
(Inset, ) Infinite avalanches are compact, i.e. S,(p.) =< N, since they engulf the whole
network.

M(a,L)=®[la — a|f(L)] is the probability of a mixed-order transition
by cascades and @ is a scaling function that depends on L via
fH= clLl/ vd, with v, as in Eq. (1). Therefore, to leading orders, one has

la(L) — ag®| oc L7V7a. )

On the other hand, the width o(as(L)) of the distribution I(a, L) is
proportional to 1/0,I1(a, L) and to stochastic fluctuations, that is
o~ 1/f(L)+L™"""¢, where v/, =2/d is the contribution of white-noise™.
Since v, 24, we have 0 « L™Y"a, explaining the stochastic dominance
over critical fluctuations at large L. Notably, the latter influences finite-
size averaging methods and collapse analyzes of observables like the
order parameter, ¢(a), or the susceptibility, x(a), but it does not alter
the finite-size convergence of a2¥(L) to a2°. Analogous arguments hold
in Kenna et al. ”*%° FSS picture.

We now validate Eq. (2) for ¢ systemic cascades in two models of
structural dismantling (Fig. 2a). We start from interdependent perco-
lation in randomly coupled d-dimensional lattices*, where depen-
dency links randomly couple the percolating state of nodes in one-to-
one fashion while retaining the underlying lattice connectivity (Fig. 2a,
left). As the damage of one node causes the damage of another one at
any distance, long-range cascades propagate iteratively after the
removal of an initial fraction 1 - p of randomly selected sites. To ease
the computing, we adopt a single layer with randomly distributed
dependency links, given its equivalence at criticality with the case of 2
(or more) randomly coupled lattices. Figure 2b displays the results
testing Eq. (2) for increasing dimensions: as visible, the one-parameter
family of critical exponents v, = 3/2d—equivalently, v=1/4 and Q = d/6—
nicely fits the numerical data.

To consolidate the above, we introduce a novel spatial-random
(dR) hypergraph model constructed by taking each bond of a cubic
lattice in d dimensions as the base of a triangle whose tip is a randomly
chosen site (Fig. 2a, right). Motivated by the mapping® of inter-
dependent percolation in K randomly coupled Erd6s-Rényi graphs
onto random (K + 1)-XORSAT we perform 2-core percolation on
dR-hypergraphs. For any d > 2, this process undergoes a mixed-order
transition with the critical hallmarks of ¢ spinodals, i.e. 8, y =1/2, and
the results shown in Fig. 2c show excellent agreement with the cor-
relation exponent v, = 3/2d in Eq. (2). Furthermore, the inset of Fig. 2c
supports the stochastic dominance over critical fluctuations, demon-
strated here by analyzing the FSS of the critical width, o(ay)
o L7V =N"Y2, corresponding to the data in Fig. 2b,c.

Next, we focus on the fractal dimension, Dy, of critical (pfi-cas-
cades. Some extra care is needed since, at the transition threshold,
only one giant avalanche engulfs the whole system, inheriting its
embedding dimension d. To resolve this, we study the mass, s7'*, of
the largest finite avalanches formed at a4(L), sampled over multiple
realization of failed dismantling. Since these are finite-size realizations
of spinodal fluctuations, we expect that

s (ay(L)) o< LPe, ©)

where D, = 2d/3. Equivalently, in Kenna et al. scheme, the r.h.s. of
Eq. (3) would read L°° with Q = d/6 and D = 4. As shown in Fig. 2d,e,
finite critical cascades in both processes satisfy the fractal scaling in Eq.
(3), while infinite avalanches are compact (Fig. 2d, inset).

Role of symmetry
Having clarified hyperscaling and the role of stochastic fluctuations,
we can return to the assumption that systemic cascades physically
realize spinodal fluctuations. Based on this, in R; we postulated about a
second class of 4)2 cascades in processes endowed with Z, symmetry.

To test this novel scenario, we introduce here a thermo-adaptive
Ising model (Fig. 3a) where parity is controlled via a thermal coupling. In
a nutshell (details in the Methods section, §M1 and §M2), the dynamics
of this model unfolds via a recursive sequence of spin-flip (e.g. Glauber)
kinetics of a classic Ising lattice in d dimensions, where a global feed-
back is set after each equilibration stage by the effective temperature
Bete = Bfimeg), where fix) = x* is a coupling function of the average
magnetization meq. For K > O, this yields a recursion of temperatures
(see Egs. (4), (5)) that triggers a long-range propagation of paramagnetic
avalanches. It is worth to notice that such a global coupling is natural for
disease or opinion spreading, as well as for other experimental reali-
zations (see the Applications section). The model undergoes a mixed-
order ferro-paramagnetic (FP) transition with spontaneous 7, sym-
metry breaking for K = 2n with n > 1, and forcedly broken symmetry (i.e.
@) otherwise (Methods), making it best suited for studying the influ-
ence of global symmetries on the critical behavior of long-range
avalanches.

Let us start from the correlation length exponent. In light of
Eq. (1), we expect T(L) — T2 oc L7/"® where vy(K) = 3/2d if K=2n+1
and v4(K) =2/dif K=2n, for any integer n € N,. As a testing ground, we
start with K = 1, whose results on d-dimensional lattices are shown in
Fig. 3b. As expected, critical cascades belong to the @3 class in all the
tested dimensions and the critical width, o(T(L)), displays the white-
noise dominance over critical fluctuations (Fig. 3c). Next, we test the
role of the Z,-invariance. For simplicity, we study the model for d = 2
dimensions and increase the order, K, of its thermo-adaptive coupling.
ForK=1,2,3, v, has to switch between v, = 3/4 and v, =1 as we increase
K. Results in Fig. 3d confirm this alternating behavior, with the model
switching from ¢3 to ¢S cascades.

To corroborate the above, we further study the fractal dimen-
sion of the largest finite avalanche formed at Ty(L). Identifying the
latter calls for a generalized Coniglio-Klein (CK) mapping®* of our
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Fig. 3 | Thermo-adaptive Ising lattices. a Illustration of the model on a square
lattice in d = 2, where the heat-bath temperature, T = 1/8, and the magnetization
density, meq, form a positive feedback loop, B2 = fmk, (8% ™) with K=0,1,2...,
triggering systemic avalanches and mixed-order FP transitions for any K>1. See text
for details and §M1, §M2in the Methods section. Image generated using ©ParaView
v5.11.0 licensed under CC BY-NC-SA 3.0. b FSS of the mean critical width in the
parity-breaking model, i.e. K = 1, compared to the predicted scaling in Eq. (2) with
vq=3/2dford=2, ..., 7. c Fluctuations of the pseudocritical temperatures, o(T,(N)),
satisfy the white-noise scaling, i.e. < L %2 = N2 d Switch between ¢} (K odd) and
¢3-cascades (K even) in the correlation length exponent, see Eq. (1). e FSS of the
mean mass of large finite avalanches sampled during the metastable relaxation
slightly above T(L) (see text). Results for K'=1and K = 2 confirming the switching,
Eq. (1), from @3 to ¢§ cascades.

thermo-adaptive Ising model onto some suitable correlated perco-
lation problem, a challenge beyond the scope of this work (see
the Discussion section). To circumvent this, we analyze the varia-
tions of the total magnetization, s, = M,,; — M,, during the
relaxation of the system to the paramagnetic phase slightly above
T«(L). The intuition behind it is that, when the system is deep
quenched from M/N=1 just above T (L), its relaxation critically
slows down close to the jump of the mixed-order transition —i.e.
near the saddle-node bifurcation— leading to a metastable kinetic
regime characterized by critical branching®®°. During this long-
lived “plateau”, growing and decaying avalanches of paramagnetic
clusters are, themselves, finite-size realizations of spinodal fluctua-
tions whose average mass, we argue, follows the fractal FSS in Eq. (3).
We test this method on both K =1 and K = 2 thermo-adaptive Ising
lattices in d = 2, ...7 dimensions by quenching the system at
T - T4(L) = & for suitable values of § < 107, Figure 3e highlights our
results, plotted against the volume lattices’ volume N = L9 to ease the
exposition (see also Fig. S1). As visible, the mass of finite avalanches
nicely follows the switching of the fractal dimensions predicted in
Eq. (1) between ¢ and ¢§-cascades.

Furthermore, in Figs. S2, S3 in the Supplementary Material
(SM) we confirm that the distribution of critical avalanches sampled

during the metastable plateau regime satisfies the power-law scaling
m(s) o« s7° with the Fisher’s exponents 7 = 1 + d/Dy = {5/2, 7/3}, as
expected, respectively, for ¢>3 and ¢§ cascades.

Applications

Among many potential applications (see the Discussion section), we
highlight here three relevant and paradigmatic cases: contagion
kinetics and two experimentally-testable models featuring electric
runaway effects.

Systemic cascades are, in fact, a topic of central interest in opinion
formation and contagion dynamics®, the reason why we test here our
classification on an adaptive 2-state (4 and B, Fig. 4a) contact process
(CP). In this model (Methods, §M3), the state of the i-th node changes
from A > B with rate 8 € [0, 1] and from B > A with globally adaptive
rate AX < [0,1], where K € N, and A is the fraction of A-nodes in the
network, if at least one of its neighbors has state A. This CP could
describe e.g. susceptible-infective-susceptible (SIS) or failure-
recovery®>®® processes, whose reinfection rate weakens adaptively
with the global infectivity. Due to the latter coupling, the model
undergoes mixed-order A-to-B transitions for K>1and d > 1 (Fig. S5a-c,
SM), and it is not Z, invariant; thus, we expect it to exhibit (pf’, cascades.
As shown in Fig. 4b,c, simulations on d =1, ..., 5 lattices confirm Eq. (2)
and the white-noise dominance (Fig. 4c, inset). Figure S5e,f in the SM
further confirm the fractal dimension D, = 2d/3 of the finite critical
avalanches and the Fisher’s exponent t = 5/2 for the power-law dis-
tribution of their sizes.

We finally study two experimentally-driven models, one for
fractures®®”' and the other one for interdependent superconductors or
thin manganites®*°, where systemic cascades form in response to
emergent (i.e. not superimposed, as in the models above) long-range
feedback. For the former case, we consider the random-fuse (RF)
model’*** (Fig. 4d), where the electric runaway due to the burning of
bonds during the redistribution of the current yields avalanches
satisfying spinodal scaling". For the second case, instead, we adopt
the thermo-resistively-shunted Josephson-junction model (Methods,
§M4) introduced in ref. 66 (Fig. 4f), where mixed-order transitions
emerge due to thermo-electric feedback. The micro-irreversible nature
of both processes predicts, here again, ¢?, cascades. We test this in
d = 2 by solving iteratively the Kirchhoff equations (Methods) for
increasing values of the bias current, /,, under the characteristic
voltage-current profiles sketched, respectively, in Fig. 4d,f. Like in the
thermo-adaptive Ising model in Fig. 3a, we study the FSS of the mass of
avalanches, Eq. (3), sampled slightly above the critical current, /.(L),
during the metastable relaxation of the circuit towards the metal/fused
phase. As shown in Fig. 4e,g, despite the relatively small sizes, both
models exhibit the fractal dimension D, = 4/3 expected for ¢3 long-
range cascades (see Fig. 2d,e).

Discussion
We have presented universal principles for systemic cascades, reveal-
ing that avalanches at mixed-order transitions with exponent § = 1/2
realize spinodal fluctuations. Their critical phenomena are hybrid, i.e.
they are spinodal (mean-field) with upper and lower critical dimen-
sions d.. = d; = d or, equivalently, with a FSS-exponent Q = d/d_, for any
dimension d z d.. We identify two universality classes ¢ and ¢§ cas-
cades, characterized by the Z, invariance of the cascading process,
and show how symmetry influences the geometry and evolution of
critical avalanches. In particular, ¢$-cascades have a larger mass,
longer correlation length and longer lifetime, 7(L) o LY/?", compared
to ¢3 ones. We have verified our predictions in a variety of cascade
models and we expect them to be valid for any process undergoing a
mixed-order transition with exponent § =1/2.

From a broader perspective, our results challenge the traditional
view of spinodals as mere mean-field constructs, revealing their
physical realization through systemic cascades, even in low
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Fig. 4 | Applications. a Adaptive contact process (aCP) undergoing mixed-order A-
to-B transitions (Figs. S5a-c, SM) for any K > 2 and d > 1. Image generated using
©ParaView v5.11.0 licensed under CC BY-NC-SA 3.0. b,c FSS of the mean critical
width for K =2 on lattices for d =1, ..., 5. (Inset, ¢) Fluctuations of the critical rates
Bs(L) in d =1 confirming the scaling o < L™2. d Random fuse (RF) model ind = 2;
(inset) voltage-current characteristic of the bonds. e FSS of the critical avalanches
sampled during the relaxation from the fully conductive state, G/N =1, to the fused
state, G/N > 0, slightly above /.(L). (Inset) Critical currents satisfy the FSS
relation®/ (L) oc L/ InL (METHODS). f Thermo-resistive network of Josephson
junctions (see text) modeling interdependent superconductors®; (inset) voltage-
current characteristic of the bonds. g FSS of the largest finite avalanches sampled
after deep quenching the circuit from the fully superconducting phase slightly
above the pseudocritical current, /(L); metallic (red markers) and superconducting
(blue markers) avalanches satisfy the fractal scaling in Eq. (3) with dimension

D, =4/3.

dimensions. This has profound implications. (a) From the perspective
of the theory of first-order®” and random-first order™®’ transitions
(Methods, §MS5), our results elucidate universal principles lying at
their limit of metastability (i.e. the spinodal point), where funda-
mental phenomena like ergodicity breaking®® or the emergence of
computational complexity in constraint satisfaction problems occur.
In this regard, we expect ¢3 cascades to characterize the critical
properties® of the so-called frozen variables at the “clustering tran-
sition” in p-XORSAT and k-COL problems”', both on random
hypergraphs and on the class of dR-hypergraphs introduced in this
work. This means that the alternating behavior reported here in the K-
thermo-adaptive Ising lattice characterizes also the critical properties
of ferromagnetic p-spin models’”'°® with p = K + 2 and for any d > 2.
From the viewpoint of material stability, we conjecture that ¢§ cas-
cades underlie the dielectric runaway effect yielding first-order
magnetic switches in ferroelectric materials, where parity invariance
is preserved'’>'®, Moreover, our results for the random-fuse model
(Fig. 4d) and its connection with the so-called fiber-bundle model®*”,
foster perspectives in the study of fracture phenomena in earth-
quakes and other disordered media'.

Finally, from a pure theoretical viewpoint, the physical reali-
zation of spinodal fluctuations as systemic cascades indicates that
high-dimensional critical phenomena’ can manifest their hallmarks
in low dimensions. For example, mean-field percolation clusters™
are realized by ¢?, avalanches, a consequence of the Coniglio-Klein
(CK) mapping®®, In this light, casting systemic cascades into the
framework of critical phenomena raises theoretical challenges
concerning generalizations of the CK mapping®* for ¢° spinodals
(see Methods, M6) and the study of avalanche kinetics via renor-
malization group techniques'®*. These are, in our opinion, two of the
most promising venues of future research stemming from our
results for tackling cascading tipping points or regime shifts within
and across scales.

Methods

M1) THERMO-ADAPTIVE ISING MODEL. Consider an Ising lattice in d-
dimensions and let 6.4(B) € Z’z" be a spin configuration reached by the
system at the inverse heat-bath temperature = 1/T (Boltzmann units
are intended). The thermalization of our thermo-adaptive Ising model
evolves by a recursive sequence of macroscopic equilibria and tem-
perature updates until a global steady state is reached. In details, we
initiate the system in the fully ferromagnetic state (i.e. g;=1for every i <
N) at the inverse heat-bath temperature 8 and we let it to equilibrate to
some spin configuration o.q(f). We then update S via the thermalized
magnetization density mq,(B) = A ien (0;)g, where ( (- ))gis a thermal
average, by means of the thermal coupling Ses = ffimeg), where f(x) is
some function of the average magnetization. We then let the Ising
model to reach a new equilibrium at the effective temperature B By
iterating this scheme, we generate a recursive sequence of adaptive
global temperatures

s mea® g me (B) g2, mea(B3) )

whose evolution underlies a thermomagnetic feedback that can trig-
ger the propagation of paramagnetic avalanches, depending on the
coupling function f. Since we are interested in positive feedback, we
adopt the function fix) = x, i.e.

o = g (B3, k=123, ®)

where n = 2, 3, ... denote the thermalization steps needed before
reaching a steady state. The power x¥in Eq. (5) controls parity invariance
in the model. This can be checked e.g. by implementing Egs. (4), (5) for
the Glauber dynamics on a complete graph, whose steady state solution
yields the self-consistent equation m= tanh(BmX*1); a more detailed
study, leading to similar results, can be found in ref. 86. Besides the
trivial K = O case (i.e. the Curie-Weiss model), positive values of K result
in thermo-adaptive Ising models whose 7, symmetry is broken if
K =2n+1 and preserved if K = 2n, for every n > 0. As shown in ref. 86,
this switching can be also controlled by thermally coupling multiple
layers; in fact, the K-thermo-adaptive Ising model for K > 1 is equivalent
to K + 1 thermally dependent Ising layers where Eq. (5) involves, in a
suitable way, the global magnetization of other layers. In this case, the
7, invariance is governed by the number of coupled layers.

M2) SOLVING THERMO-ADAPTIVE SPIN MODELS. Given the
novelty of the thermo-adaptive Ising model, we provide a few details
about its analytical solution. The recursion in Eq. (4) uses, at each
thermalization step, the single-layer behavior for the effective tem-
perature Beg; hence, we can solve the kinetics of the model by iterating
the solution (if known) of the isolated Ising lattice. Assuming that such
a solution is of the form m,(d, B) = X 4(B), we can rewrite Eq. (5) as

'B(:f)f =ﬂX§ (ﬂz’gl)). n=12, ... (6)
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where n indicates the n-th stage of the thermomagnetic cascade. In the
limit n > =, a fixed point solution of Eq. (6) yields the self-consistent
equation

Meg(B)= Xy (Bmy(B))- @)

Ind =2, an analytic solution for the thermo-adaptive Ising model can be
written thanks to the long-celebrated Onsager-Kauffmann-Yang (OKY)
formula for the spontaneous magnetization'®'%, so that Eq. (7) reads

Mey(B)= (1 —sinh™ <2ﬂjm§q(ﬂ)) ) 1/8, 8

where J > 0 is the coupling strength. For every positive K (not neces-
sarily an integer), the model undergoes mixed-order ferro-paramag-
netic (FP) transitions at T4K) o« K™ with spinodal scaling
Meq(T) — Mey(T) o< (T — T)Y?. It is worth to notice that, when
simulating the thermo-adaptive Ising model in d-dimensional lattices,
the global thermal coupling, Eq. (6), helps smearing out thermal
fluctuations, facilitating deep quenching the system near the spinodal.
M3) ADAPTIVE CONTACT PROCESS. Consider the 2-state contact
process (CP) illustrated in Fig. 4a. Nodes change their state fromA > B
with rate 8 € [0, 1] and from B > A with adaptive rate ©X, where K > 0 and
[0,1] 2 © =} a;/Nis the fraction of nodes in state A in the network; here,
a;=1if node i is A and q; = O otherwise. Being a CP, we assume a node
changes from B - A if at least one of its neighbors is A. We implement
this by measuring the fraction of A-neighbors around node i—i.e.
©; = LAai/k;, where k; = 3;A; and A= (Ay), L 18 the network’s adjacency
matrix—so that B - A with rate ©,0%, If K =0, this CP model undergoes
reversible A-to-B phase transitions on d-dimensional lattices with
dimension d > 1. For K > 0, instead, the process evolves through a
recursive sequence of equilibration steps where, analogously to Eq. (4),
the B > A rate, denoted here as y, evolves adaptively as follows:
y> 00y NI ya),_)e(y'i;) ) )
for a given rate § € [0, 1]. By construction, A-to-B transitions occur here
only for initial condition a;(0) =1fori=1, ..., N, otherwise the B-phase is
absorbing. Figure S5a-c shows simulations in 3 networks of same size:
(a) complete graph, (b) d = 2 square lattice and (c) a d = 1 chain. All
models undergo mixed-order A-to-B transitions for any K >1 (K > 2 for
the complete graph, see below). Though an exact analytic formula
could be derived in the d = 1 case, we provide below a closed-form
solution for the complete graph. The latter can be readily obtained in
the fully-mixed approximation'”’, where the discrete variable g; € {0, 1}
is replaced by a continuous one x; € [0, 1] and the adaptive CP,
implicitly defined in Eq. (9), reads now as the set of Langevin equations

) _ g () L (n-1) ) )
" =Bx" — Ve (1 - X" ) Z_"‘ijxj'1 ' (10)
j

where n =1, 2... denotes the number of feedback iterations. A steady
state is reached iffcﬁ"’ =0fori=1,..., N, in which case Eq. (10) yields
x; = 0Y; Aj xi/ (B + OY; A; x;); as customary, normalizing the rate gov-
erning the B-to-A change by N, we get the self-consistent solution

an

for the global fraction of A-nodes. Notice that K = 0 yields the
classic SIS solution on the complete graph with infection rate S € [0, 1]
and recovery rate 1/N. For K > 1, instead, it can be readily check that
Eq. (11) undergoes mixed-order A-to-B transitions at finite critical rate,
Bs, with the spinodal square-root scaling ©(8) — O(8,) « (B — B)">.

M4) RANDOM-FUSE MODEL. In a nutshell-for details, see e.g.
ref. 92—we have simulated the random-fuse model on a d = 2 lattice
(Fig. 4d) where each bond is assigned with a current threshold, /., j—
sampled uniformly at random from the interval [ - 1, 1]-above which
its conductance drops to zero (inset, Fig. 4d). We impose a bias cur-
rent, I, on the bonds lying at one edge of the lattice and set the voltage
to zero (ground) on those lying on the opposite side. We then compute
the current flowing through each bond by solving iteratively the
Kirchhoff equations with precision € =107, as in ref. 13. If a bond fails,
we recompute the currents until a steady state is reached or a path of
broken bonds spans the lattice, in which case the circuit has reached
the fused state, namely where the circuit’s conductivity, G, drops to
zero. The latter occurs abruptly (see Fig. S6a) and with ¢* spinodal
scaling>>1%1%, that is G(/,,) — G(I,) « (I; — 1,)/* and the correspond-
ing quasi-static susceptibility has critical scaling x(/,)=9,,G(l,)
o« (Ig=1p)" Y2 Indeed, the micro-irreversible nature of the process
indicates that the extended avalanches formed prior to the electric
breakdown belong to the ¢3 universality class. Notice that the long-
range character of the avalanches is due to the (long-range) electric
interaction; analogous arguments hold for the elastic avalanches
formed in the fiber-bundle model®*”. In the main text, we focused on
the fractal scaling, Eq. (3), by sampling avalanches of fused sites
formed during the metastable relaxation (see Fig. S6b) of the circuit
from its fully conductive state (G/N = 1) to the fused one. We did so to
averted the difficulty of studying Eq. (2) which, in the RF model, fea-
tures the pathological scaling /(L) < L/InL (Fig. 4c, inset) of its
breakdown threshold®. Details about the thermal-resistively shunted
Josephson junction model can be found in ref. 66.

MS5) RELATION TO OTHER EXPONENTS. The two classes of sys-
temic cascades, Eq. (1), complement those predicted by Fisher & Berker
for first-order (FO) transitions’ and those obtained by Kirkpatrick &
Thirumalai for random-first-order (rFO) transitions®> . Within Kadanoff
renormalization scheme™, one typically starts from the Hankey-Stanley
homogeneous form"™ of the free-energy density f(Aa,h)= &%
(§72Aa, £77h), where h is a conjugate field and s the correlation length.
Close to the spinodal, the singular part of the order parameter ¢(a) =
O(a) — O(a,) scales as ¢(a) = |Aaf and it is related to f via
Y(a) := 0pfda, h)|p=o; similarly, the susceptibility x : =<’)if(Aa, h)p—o-
Assuming that f{1, h)|,-o is not singular, the above yields the relations
B=d - y,)/y, and y=Q2y, —Xx)/y, Where y,=1/v since §7¢A,=1
and ,,=D. The latter are the classic hyperscaling relations. Now, as
shown by Fisher & Berker, at the coexistence of FO transitions, one has
B=0andy=1,while in rFO transitions, =0 and y = 2'". The assumption
that hyperscaling holds, yields the set of critical exponents:where, for
the anomalous dimension, we assumed that the classic relation
n4 =2 - y/vq holds. We stress that, in the above, no specific notion of
symmetry is intended, by contrast with the classes of long-range cas-
cades discussed in the text; moreover, nucleating droplets are expected
to be compact in FO and rFO transitions, in contrast with the fractal
character, Eq. (3), of systemic ¢3 and ¢§-cascades.

B Y Vy Dy Nd
FO 0 1 1/d d 2-d
RFO 0 2 2/d d 2-d

M6) CASCADES IN RANDOM GRAPHS. The long-range nature of
the positive feedback underlying the formation of systemic cascades
makes the latter mean-field phenomena from the point of view of the
process, regardless the dimension of the underlying structure. In the
text, we focused on d-dimensional lattices to emphasize this aspect.
One might then ask how the scaling relations and exponents in Eqs.
(1)-(3) should be interpreted when dealing with systemic cascade
processes on random (hyper)graphs. In this case, Egs. (1)-(3) must be
intended with respect to the correlated volume, i.e. |a®(V) — a¥°| «

Nature Communications | (2025)16:1415


www.nature.com/naturecommunications

Article

https://doi.org/10.1038/s41467-024-55639-3

VY and s™%(ay(V)) o« VP, where

-3 o

if Z, broken,

if Z, conserved. a2

Here, the correlation volume exponent, v*, and the volume fractal
dimension, D*, are related to the correlation length exponent, v, and
fractal dimension, D, via

v=v'/d, D =D"d,, 13)
where d_ is the upper critical dimension of ¢ or ¢° spinodals. We stress
that the exponents of ¢Z-avalanches in Eq. (13) align with those
observed in ref. 84 for interdependent percolation on Erd8s-Rényi
graphs, with the important caveat that the exponents found in ref. 84
do not account the stochastic dominance of white noise over finite-size
data collapse.

M7) PERCOLATION MAPPINGS. The above considerations high-
light that ¢* and ¢° systemic cascades are, respectively, manifestations
of mean-field percolation"™ and mean-field Ising critical phenomena.
The latter, in particular, hints at a hitherto unknown Coniglio-Klein
(CK) mapping® of ¢° spinodals onto the critical clusters of some sui-
table correlated percolation problem. In fact, in light of the mapping
between thermal and percolation critical phenomena®, we expect that
¢° cascades can be mapped onto ¢* ones and, consequently, onto
mean-field percolation critical clusters via the CK mapping. A reason-
ing in support of this claim stems from the fact that ¢° field
theory -characterizing thermal fist-order transitions with parity
invariance®’- can be interpreted as a ¢’ field theory for the ordering
field @ = ¢ The main difficulty when implementing the above argu-
ments is to determine the bond occupation probability needed to map
the thermal problem onto a percolation problem. In the CK mapping,
this is precisely handled by treating neighboring sites in the Ising
model as connected with occupation probability p =1 - e **?, where
p=(1+m)/2is the occupation density computed at the spinodal and m
is the magnetization order parameter®’. A naive guess would then be
to map our thermoadaptive Ising model onto the percolation of a
complete graph -given the all-to-all coupling induced by m* (see Eq. (5)
in Sec. M2)- with edge occupation probability py =1 — e=4#2-0"1-p),
As discussed in the manuscript, we did not explore this venue, which
lies beyond the scope of this work. In future research, one could
approach this problem from a more robust angle by first demon-
strating that ¢° cascades occur in a ferromagnetic Ising model
with random 4-spin interactions (see the Discussion section). Building
on this, it would then be possible to study a Potts model with
random (or diluted) K-site interactions. Using the Fortuin-Kasteleyn
representation'>"°, the thermal problem could be mapped onto a
percolation problem, adjusting the formulation to align the spinodal
singularity with a percolation threshold. This approach would yield an
expression for the occupation probability, px = 1 - fiB, K, p), which,
following the approach used by Ray & Klein in ref. 88, could be used to
map the ¢° cascading process at each Monte Carlo step onto a per-
colation one. Besides elegant, this method would enable the precise
identification and early detection of the cascading droplet, allowing
for direct measurement of its critical properties, in contrast to the bulk
measurements conducted in this work.

Data availability

The data generated in this study have been deposited in the public
GitHub repository “systemic cascades” accessible at https://github.
com/hokanoei/systemic_cascades.

Code availability
Source codes for the thermoadaptive Ising model on d-dimensional
lattices, which hosts both ¢* and ¢° universality classes of systemic

cascades discussed in this article, as well as of the other models
addressed in this study are publicly available at the GitHub repository
“systemic cascades” at https://github.com/hokanoei/systemic_cascades.
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