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Evaluating in-vivo spontaneous firing rate
in the brain based on neuronal noise
modeling
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Even without external stimuli, neurons produce spontaneous bursts of activities. Theoretical and
practical clinical considerations, suggest the importance of determining the in-vivo statistical profile of
those spontaneous spikes bursts, however this task has not been accomplished yet. Currently, it is
only accepted that the in-vivo value of the mean firing rate (λ) of those spontaneous bursts is below
0.1Hz,without knowing its specific value and its populationdistribution.Herewepropose a framework
to evaluate the neurons’ λ during rest of a given subject, using stochastic signal processing analysis of
in-vivo brain fMRI and EEG. Our main hypothesis is that during rest the input to the neurons is mostly
formed by a random neuronal noise, and although it fluctuates with zero mean, it affects the neurons’
signal output characteristics. Our results based on in-vivo human fMRI and EEG databases, suggest
that different people have different and stable characteristic λ values, and that λ of different functional
systems of the same subject correlate in their values. Moreover, we find here that the λ values of
subjects correlate with their brain task performances, in particular for tasks which are known to be
affected by changes in neuronal noise or neuronal excitability threshold.

The neuronal voltage and current at rest fluctuate due to the stochastic
behavior of the individual ion channel, which is the neuronal most basic
electronic element. This stochastic dynamic occasionally leads to sponta-
neous action potentials evenwithout any stimulation, a trait that has diverse
effects on human physiology, and therefore captured the attention of many
researchers from different scientific disciplines1–7. For example, the sto-
chastic activity of the neurons is considered as the major reason for the
resting brain to consume large amount of energy1. Therefore, in an effort to
estimate the in-vivo average firing rate of resting brain, some studies use
energy economycalculations, andvice versa estimating general resting brain
energy from global rough estimations of mean firing rate8.

Since spontaneous firing of spikes accounts for most of the total brain
metabolic energy (between 60% and 80%)1, this spontaneous electrical
activity is assumed to have a major neurobiological function2. From theo-
retical considerations, the spontaneous spikes bursts are noise in the brain
system, and as such it is important to determine their in-vivo statistical
profile. From practical considerations, the spontaneous spikes burst are
noise that is known tohavemanyneurobiological effects,where toomuchor
too little noise might have a negative neurobiological impact. For example
autistics show high level of neuronal noise9, while old adults have low
neuronal noise compared to young adults (cognitive aging)10. However,

until now the in-vivo statistical profile of the spontaneousfiringof spikes has
not been characterized. Here we suggest in-vivo methods to evaluate
spontaneous firing rate in the brain and support our method from different
perspectives.

To test our hypothesis andmethods, we use: (i) mathematical analysis,
(ii) simulations, (iii) in-vitro experiments on animal neuron networks data
(iv) and in-vivo human fMRI and EEG data analysis. In particular we also
tested our hypothesis, that during rest the neuronal noise is dominant, by
introducing random noise into the Hopfield networkmodel11, by analyzing
it mathematically. In recent years network modeling received ample
attention, modeling of the networks between cells have been shown useful
and is believed to progress further in future12. Moreover, recent advances in
understanding complex networks, are attributed to modeling and
simulations13. Nevertheless, spontaneous firing rate with its 1/f neuronal
characteristics, has not been simulated yet.

Currently, the spontaneous background electrical activity have been
analyzed via in-vitro works. In-vitro investigations of animal models
introduced a range of estimations of the neuronal spontaneous firing rate, λ,
depending on the neuronal cell type and on the animal model2,14,15. How-
ever, evaluating in-vivo mean firing rate λ of the resting brain by a direct
invasive experimental wet lab measurements cannot be technically
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obtained, since the invasive measurement itself affects the mean firing rate,
which is very sensitive to environmental changes.Moreover, in-vivo wet lab
measurements of brain λ, cannot be categorized as rest state conditions,
because the invasivemeasurement is physiologically stressful. In the present
study we develop an in-vivo non invasivemethod to evaluate λ of the whole
brain and of specific brain’s functional systems during rest state based on
non-inversive fMRI or EEG data.

Calculating the average value of the spontaneous firing rate for the
ensemble of neurons within the whole brain is considered a challenging and
difficult task, and even anharder task is to evaluate it in-vivo. This is since the
neurons in the brain have vast interactions and links16,17, and this char-
acteristic is known to exhibit an extremely complex display16–22. Thus, the
ensembles of neurons within the brain networks have different collective
properties compared to a single neuron, e.g., different firing rate frequency
behavior, and importantly, different spontaneous firing rate mean values2.
Although the average in-vivo spontaneous firing rate of the brain is of
foremost importance in neuroscience, e.g., for diagnostic and understanding
of braindiseases, notmuch is knownon its nature andon its value,which it is
usually assumed to be below 0.1 Hz1,23. Here we develop an analytical fra-
mework to evaluate the average spontaneous firing rate for a given brain or
for a functional system, using statistical signal processing analysis of the in-
vivo blood oxygen level dependent (BOLD) based on rest-state fMRI signal.

We develop here a framework utilizing brain fMRI that could provide
important insight on the brain’s stochastic nature. Apparently, the BOLD
signal of rest-state fMRI, shows spontaneous fluctuations in the low-
frequencydomain atwide rangeof frequenciesbelow0.1 Hz1,23. Therefore, it
was generally accepted that the in vivo resting brain spontaneous firing rate
is below 0.1 Hz. But, an important question is, which specific frequencies/
frequency within this range are mainly responsible for this spontaneous
fluctuations pattern seen in fMRI BOLD signal of individuals at rest23?
Answering this question is important as it can provide a hint, as we show
below, on the in-vivo average spontaneous firing rate of neurons at the rest-
state for individuals.

The spontaneous oscillatory activity in the brain depends on both, the
single neuron and the neurons network interactions properties24. It has been
shown that the collective spontaneous activity of neuronal cultures elements
in a network, have a power spectrum in the form of a power-law, even for
different brain networks types. Specifically, the power spectrum of the
neurons’networkfiring ratehas a1/f behavior at low frequencies <0.1Hz2,23.
This 1/f behavior is observed in neuronal cultures2, fMRI signal, electro-
encephalography (EEG), magnetoencephalography (MEG) and even in
humanbehavioral studies23.Although it is agreed that the 1/f behavior at low
frequencies is notmerely an artifact, its nature is not yet fully understood. It
is even not known what frequencies range contributes to the 1/f behavior,
e.g., does the ultra-low frequencies range also exhibit a 1/f distribution23?

In the present work, we develop a framework to answer the following
questions (see ref. 23) concerning the 1/f low frequency behavior: What is
the origin of the 1/f structure found in the power spectrum of neurons
network assembly? what frequency values contribute to the 1/f behavior?
How can we model and analyze the 1/f behavior at low frequencies? As we
relate this 1/f phenomenon to the stochasticneuronal nature,wewill address
important issues regarding the nature and value of the in-vivo average
spontaneous firing rate in the brain. We develop two different approaches,
organized in three methods, to calculate the mean firing rate estimation
during rest based on rest fMRI data. Our three methods apply to the two
approaches: (i) Based on the BOLD signal spectrum, (ii) Based on temporal
correlations of BOLD signals. In all our methods we obtain the mean firing
rate estimation for each of the 710 participants in our database, and verify
that indeed the three methods congruent. Another important support is
obtained by comparing our indirect calculation of λ to a direct calculation of
λ obtained from in-vitro experiments on animal neuron networks. For the
fMRI and EEG in-vivo data, we also find that participants’mean firing rate
estimation, λ, correlates with actual brain task performances, which indi-
cates that our in-vivo λ evaluation will be useful for better understanding,
evaluating, and monitoring brain functions and diseases.

Results

Basic hypotheses
Prior to presenting our suggested methods to calculate the in-vivo mean
spontaneousfiring rate, belowwe specify our basic hypotheses regarding the
rest state and the autocorrelation.

The rest-state hypothesis
We wish to study here the effect of neuronal noise on the neuronal current
spectrumandon its network connections. To this endwe introduce random
noise into the Hopfield network model11. This is based on our hypothesis
that during rest, when there is no input to the network, the neuronal noise is
dominant.

In the deterministic case, the Hopfield model describes basic concepts
of the firing-rate and neuron membrane potential during stimulated
activity11,25 as,

τ � dVi=dt ¼ �Vi þ τ �
X
j≠i

WijRðVjÞ þ τ � Iaff ð1Þ

Here Vi is the membrane potential of the i-th neuron, τ is the integration
time constant (equals to capacitance time resistance),Wi,j is the strength of
the synaptic connection between neuron i and neuron j, R(Vj) is the firing
rate of the j-th neuron, and Iaff is the afferent input.

In the present study we introduce the neuronal noise to the
Hopdield model when there is no excitable afferent stimulation input
to the system, as we assume to occur during rest. That is, instead of
using deterministic Iaff, as used during stimulated activity, we assume
for resting state the existence of random noise with zero mean as
input Iaff and thus, we obtain,

τ � dVi=dt ¼ �Vi þ τ �
X
j≠i

WijRðVjÞ þ τ � σ � ni ð2Þ

whereni is a standardwhite noise,which is assumed tohave zeromeanandσ
is the standard-deviation. Assuming Eq. (2), means that the random noise
input represents the rest state (hence the zero mean) in the environment of
neuronal noise (having standard deviation σ). The mean of the firing rate is
λ, so that:

λ ¼ EfRðVjÞg ð3Þ

where E{} is a mean operator.
Figure 1a showsR, as the inverse time gapbetween each two consecutive

actionpotentialspeaks,where themeanof all ratesRdefinesλ. Sucha random
voltage, as in Eq. (2), which is affected by white noise, yields activation
rate, R in Eq. (3), with inhomogeneous Poisson process statistics26,27.
The inhomogeneous Poisson process has some resemblance with the
homogeneous Poisson process, such as both counting probability with
exponential λ decay, where λ is also the mean rate of the events28. In case of
neurons, those events are the action potential bursts (above the threshold)
events, i.e., the firing events, see Fig. 1a.

The autocorrelation hypothesis
We regard here to the autocorrelation of neuron’s firing rate, r, as a mixture
of inhomogeneous Poisson process and a small cosine fluctuations29, as
demonstrated in Fig. 1b:

r � rðt1 � t2Þ ¼ rðRðt1Þ;Rðt2ÞÞ ¼ p � cosð2πf ðt1 � t2ÞÞ þ q � e�λ�ðt1�t2Þ;

ð4Þ
where (t1− t2) is the temporal gap between the two correlations. The term
q � e�λ�ðt1�t2Þ represents the inhomogeneous Poisson process part, and the
term p ⋅ cos(2πf(t1 − t2)) represents the cosine fluctuations. The cosine
fluctuations reflects findings that the firing rate of a neuron ismodulated by
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a small and slow oscillation even in the absence of stimulation30, and even
under anesthesia31. Note that the cosine fluctuations of the neuronal current
autocorrelation are veryweak29, and hence can be seen in specific conditions
such as anesthesia, where disturbances are low. This is the reason why they
are often been disregarded. Therefore, in Eq. (4), p and q are constants such
that p < < q (small cosine fluctuations), and f is a constant which describes
the very slow oscillations29.

In Eq. (4) (similar to ref. 29) the cosine fluctuations have a general
frequency, f, however here we suggest that those fluctuations are not arbi-
trary but fluctuate with f = λ. This hypothesis is reasonable since λ has units
of frequency ([Hz], see Eq. (6) below), and since λ, like f, has very low values
(2πf describing very slow osculations29). We next test this hypothesis and
support it.

Accordingly, Eq. (4) becomes:

r � rðt1 � t2Þ ¼ r Rðt1Þ;Rðt2Þ
� � ¼ p � cosð2πλðt1 � t2ÞÞ þ q � e�λ�ðt1�t2Þ:

ð5Þ
Note that below we use Eq. (5) for method-III, while for method-I and
method-II Eq. (4) is sufficient. That is, only for method-III we use our
hypothesis that the cosine has a λ frequency.

Since the cosine fluctuations are very slow and since p < < q, the
exponential autocorrelation, i.e, the inhomogeneous Poisson process, is
dominant, such that the spectrum of the entire process is affectedmostly by
it. This inhomogeneous Poisson process is the base of our first approach:
method-I demonstrated in Fig. 1.

Fig. 1 | Illustration of ourmethods. a In our framework we hypothesize that at rest,
there is no external input to the brain neurons and therefore the afferent input, Iaff in
Eq. (1), is noise with zero mean, which we associate physiologically to the neuronal
noise. Here we illustrate a simulated evolving voltage with this random noise input,
Iaff, of zero mean. From time to time the obtained random voltage crosses the
neuronal excitability threshold, and an action potential is formed. The inverse time
gap between each two consecutive action potentials peaks defines the activation rate
R, and the mean of all rates R defines λ. Such a random voltage, which is affected by
white noise, yields activation rate,R, with inhomogeneous Poisson process statistics2
6,27, which is used in ourmethod-I. In ourmethods-II and III we use the physiological

feature that R is also affected by a weak cosine fluctuation29. b In total, the auto-
correlation of neuron’s firing rate, r, is composed from dominant exponential
(inhomogeneous Poisson process) andweak cosine expressions.Method I:Obtains λ
from the fMRI BOLD signal spectrum (obtained from all neurons in brain’s func-
tional systems), and assumes that: (i) For the total autocorrelation the exponential
expression is dominant (inhomogeneous Poisson process). (ii) The neurons are
connected via extensive networking connections hence constant1 > > constant2.
Methods II& III: Obtain λ from the fMRI BOLD signal autocorrelation (obtained
from single node/voxel) between the two half’s day, and assume that at temporal gap
(t1 − t2)→ ∞ (relatively to λ) where the autocorrelation has cosine fluctuations.
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In our second approach, we employ method-II & method-III as
demonstrated in Fig. 1. Here, we use the fact that the small cosine fluctua-
tions can be visualized when obtaining autocorrelations between two dis-
tinct temporal signals. This is since for two temporal signals, if the temporal
gap is long, than the exponential part vanishes.

Therefore, our two approaches are based on two different types of
neuronal processes, which describe two distinct phenomena: inhomoge-
neous Poisson process (which is dominant) and cosine fluctuations (which
are small, seen only at long temporal gaps correlations). In this way, the
value of λ for a given individual brain is validated by two independent
approaches, and the results of excellent agreement between the methods,
support also our three methods.

Suggested methods to calculate mean firing rate
We suggest here two different approaches, arranged in three methods, to
calculate the in-vivo mean spontaneous firing rate in the brain, λ. All our
three methods are also summarized in Fig. 1b.

First approach, method-I: mean firing rate estimation - based on
the spectrum
Thefiring rateR(Vj) is assumed to followmostly an inhomogeneousPoisson
process (see Eqs. (4) and (5) with p < < q)29, hence the spectrum of this
autocorrelation, between two temporal values t1 and t2, decays as: e�λjt2�t1j28

(see also our simulations in Supplementary Fig. S1i), which is unlike the
homogeneous Poisson process. Assuming stationarity yielding that Eq. (2)
at rest will show a current I spectrum (see Methods, Eqs. (13)–(16)) as
follows:

S � c1
1þ ð f =λÞ2 þ c2 ð6Þ

where c1 and c2 are constants, such that c1 > > c2. Specifically, from the fMRI
power spectrum analysis, we conclude that the c2 value is less than 0.25 c1
(see Supplementary Fig. S2). Moreover, note that from Eq. (16) below (see
text immediately after Eq. (16))we conclude that for brain neurons c1 > > c2,
due to extensive networking connections and relatively low neuronal noise.

Analyzing Eq. (6) (see Methods, Eqs. (17)–(22)) yields,

d logðSÞ
d logð f Þ ¼ �2 �

f
λ

� �2
1þ f

λ

� �2 ð7Þ

d logðSÞ
d logð f Þ

����
f¼λ

¼ �1: ð8Þ

Based on this analysis, using Eqs. (7) and (8) we can calculate λ of a
given brain by identifying the point (shown as a green dot in Fig. 1b and in
Supplementary Fig. S1a, d) where the slope of the power-low spectrum is
−1. This is since at this point where f ≈ λ the slope =−1 (according to Eqs.
(7) and (8)). In Supplementary Fig. S1g we show further support for this
assumption, suggesting that particularly when the constants c1 > > c2 in Eq.
(6), the point f = λ on the spectrum is where the slope of the double-
logarithmic plot of the power spectrum vs frequency is −1. In Supple-
mentary Fig. S1h we specifically test method-I assumptions, by comparing
between the mean firing rate λ as obtained from the model’s simulated
spikes train (x-axis) tomethod-I analysis (y-axis, as obtained using Eq. (8)).
This comparison shows via simulations that the simulated firing rate cor-
responds well to the estimated firing rate of our method-I.

The BOLD signal measures neuronal ionic currents activity32. Hence
next we implement our estimations on brain fMRI real data collected from
710 participants across two days, and find the neuronal mean firing rate
estimation, λ, for each individual. Figure 1b (method-I) and Supplementary
Fig. S2 show examples of fMRI BOLD signal spectrum demonstrating the
point where the log-log plot slope is −1 (i.e., 1/f spectrum), which is the

point where we expect f = λ (Supplementary Fig. S3 show examples of EEG
signal). Implementing this analysis on each of the 710 subjects we find a
distribution of this λ as shown in Fig. 2a, indicating a clear peak at the most
frequent value λ≈ 0.045 Hz, and an average value ofmean{λ}≈ 0.055. Next,
we test our hypothesize that our mean brain firing rate estimation is typical
for a person and is not expected to change much in different days. To this
end, we compare in Fig. 2b the fitting of our λ estimations between day-1 to
day-2 of the fMRI measurements. Indeed, we find a good agreement with
correlation of ≈ 0.60 between the estimated mean brain firing rate at the
different days, thus supporting our hypothesis. In Fig. 2c we extend this
analysis to calculate λ from 16 segments within each subject, obtaining
correlations of ≈0.46 ± 0.14 for the same subject. Similarly, we also calculate
the correlationofλbetweendifferent subjects (randomly selected), revealing
a much lower correlation values (≈0.02 ± 0.10) compared to those of the
same person.

For 29 participants we performed a follow-up of measuring λ again
after one to 11months (re-test) from the original measurement (test), those
results are shown Fig. 2d which illustrate a good and significant correlation
of 0.62 (p-val = 0.0003) between the test and the re-test. This correlation of
0.62 resembles the 0.58 correlation seen in Fig. 2b for different days, where
we expect λ to be consistent (though could show some degree of alterations)
for a specific person at the re-test.

To further test our framework for evaluating the mean value of firing
rate λ, per person, and support our hypothesis on the role of neuronal
afferent current noise during rest, we next compare our estimated λusing an
independent approach developed below. All methods are summarized and
demonstrated in Fig. 1.

Second approach, methods-II & III: mean firing rate estimation -
based on long term autocorrelation
Herewe develop two furthermethods to evaluate λ based on a very different
perspective thanmethod-I.While inmethod-I we used the inhomogeneous
Poisson description, which is the dominant characteristic of the neurons’
firing rate at short time scales, in methods-II & III we focus on the small
cosinefluctuations that can be seen only at long-term scalings, (t1− t2)→∞
relatively to λ. Since the two approaches, of method-I vs. methods-II & III,
are independent and distinct in their perspectives, obtaining similar values
of λ for the same subject will support our approaches.

For our calculations we use correlations between two temporal BOLD
signals, so that the inhomogeneous Poisson process part in Eq. (5) vanishes,
that is, e�λ�ðt1�t2Þ ! 0.Hence, in our datawe split the BOLD signal into two
halfs: 1st half (half1) and 2nd half (half2), expecting that there is only a short
neglectable tail (of less than 5% of the total samples), so that the inhomo-
geneous Poisson process part vanishes, remaining mainly with the cosine
fluctuations part.

Using statistical signal processing tools, we find that the BOLD signal
correlation (ρ(BOLD)) between the two halfs (half1 and half2) and the firing
rate correlation (R), have the following relation (see Methods, Eqs.
(23)–(39)):

ρðBOLDhalf1
i ;BOLDhalf 2

i Þ ¼
cov Rhalf 1

i ;Rhalf 2
i

n o
λ

: ð9Þ

where i represents neuron i.
Since from Eq. (5) we get that at λ ⋅ (t1− t2)→∞ (two different halfs):

cov RiðVÞhalf 1 ;RiðVÞhalf 2� � ¼ p � cosð2 � π � λ � tÞð Þ; ð10Þ

it follows,

ρðBOLDhalf 1
i ;BOLDhalf 2

i Þ ¼ p � cosð2 � π � λ � tÞð Þ
λ

: ð11Þ

Thus, from Eq. (11) we conclude that ρiðBOLDÞ �
ρðBOLDhalf 1

i ;BOLDhalf 2
i Þ fluctuates with amplitude proportional to 1=λ

� �
,
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and frequency f = λ. Hence, in method-II we analyze the two halfs corre-
lation (ρ(BOLD)) amplitude,A, and inmethod-III we analyze its frequency,
f. Note that while in method-III we use our hypothesis that the cosine has a
frequency f = λ (i.e., using Eq. (5)), in method-II we do not use this
hypothesis and explore only the amplitude (i.e., just Eq. (4), along with
Eq. (9)).

In Fig. 3a we demonstrate a typical example of the two half’s day
autocorrelation (sameparticipant, samenode, onewindowslidingwith time
shifts), representing ρðBOLDhalf 1

i ;BOLDhalf 2
i Þ. This figure shows clear fluc-

tuations around zero. In Fig. 3b the amplitude and frequency of those
fluctuations are calculated asA ¼ ffiffiffiffiffiffiffiffiffi

1:70
p

and f= 0.057 (the x-y values of the
maximal peak). This peak represents the cosine fluctuations value in the
noisy environment. Note that, as expected from mean spontaneous firing
rate, i.e., the value of this peak frequency, f, is lower than 0.1 Hz. Moreover,
adding white noise to the original BOLD signal, in Fig. 3c–d, eliminate the
cosine fluctuations of the auto-correlation, which strengthen our approach.

Since we hypothesize that f and 1/A are related to λ, we wish next to
compare their values and trends within the different individuals. Indeed,
Fig. 4a–c shows a significant high similarities represented by high Pearson
correlations between the three methods, of corr = 0.86 (panel a), corr = 0.69
(panel b) and corr = 0.88 (panel c), all with p-val <10−101.

The highest correlation is corr = 0.88 between method-II, 1/A, and
method-III, f, (panel c), is not surprising considering both methods are
derived from the same approach (the small cosine fluctuations). Never-
theless, it highly supports f = λ, i.e., that the frequency of the cosine fluc-
tuations indeed relates to λ, as we hypothesize in the transition fromEqs. (4)
to (5). This is a strong support for Eq. (5) since in method-II we do not use

method-III hypothesis that f= λ (formethod-III we use Eq. (5), formethod-
II we use just Eq. (4)).

Thenext high correlation,with value of corr=0.86, is betweenmethod-
I and method-II described in Fig. 4a. This high correlation supports highly
both,method-I andmethod-II, as theyderive fromverydistinct approaches.

Comparing method-I and method-III in Fig. 4b also show high corre-
lation of corr = 0.69, which together with the results of Fig. 4a strengthen our
two distinct approaches. Note that in Fig. 4b, the values range of λ and f are
similar, asexpected.Moreover, comparing thehistogramsofλ to thehistogram
of f in Fig. 4d, show close relation between the firing rate values of method-I
(from first approach) and method-III (from second approach). The small
differences in the values of method-I and method-III can be related to the
differences in the waymethod-I andmethod-III calculate the averaged values
for each participant. Specifically, inmethod-I we calculate λ from an averaged
spectrum (averaged PSD from all voxels, see Methods and Supplementary
Fig. S2), whereas inmethod-III andmethod-II we calculate f andA from each
voxel’s correlation after which we average the obtained f and A values.

In Fig. 4e we compare correlations between different time frames: (i)
original measurement and (ii) measurement performed 1-11 months later
(retest); all this between our three methods: λ, f and 1/A. The high corre-
lations, between our methods, seen even after several months (retest) adds
an important support toour suggestedmethods.Note that it is expected that
after more than a month later, mean spontaneous firing rate could alter to
some degree, as a result of environmental changes. Therefore, we see in
Fig. 4e higher correlations when comparing methods within the same time
frames, and lower, but still high correlations, thanwhencomparingmethods
after 1-11 months later.

Fig. 2 | Mean firing rate estimation λ, as obtained frommethod-I, for each of the
710 participants fMRI records. a Distribution of λ across the tested population
shows that the most probable λ is close to λ ≈ 0.045, and mean of mean{λ} ≈ 0.055.
b Scatter plot of λ of two days for each participant shows correlation of corr = 0.58
(best fit is the dashed black line). Note that the estimation of λ is affected by mea-
surement noise, hence might be improved if the BOLD signal could be calculated
from fMRI data collected in several days. Since here the data is obtained from two
days, in (a) and in the following analyses we use averaged λ of two days.
c Correlations distribution of λ among subjects as calculated from dividing the
temporal data to 16 segments each of time span 3.6 min. The analysis show corre-
lation values ≈0.46 ± 0.14 within same subject, and correlation of ≈0.02 ± 0.10 for
different subjects randomly selected. This analysis clearly strengthen the support of

panel (b) i.e., the validity of ourmethod-I.d For 29 participants we calculated λ again
after several months (re-test after one to 11 months) from the original calculation
(test), and obtain significant correlation of 0.62 between the twomeasurements. As it
is expected that λ has consistent value for individuals (though could have some level
of alterations) at the re-test, this result strengthen our calculation. Note that, panel
(b) includes N = 767 subjects, and in order to avoid measurements errors in (a) and
in following analyses we only consider people with λ values differences between the
two days below 40%. Therefore, the data in (a), in (c), in (d) and in all following
analyses include onlyN= 710 subjects (out of the totalN= 767). Note, that out of the
total 994 participants we include N = 767, since we removed participants with
extrema head motions or participants for which λ could not be measured. Several
examples of individuals PSD and their λ can be found in Supplementary Fig. S2.
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In conclusion, the results in Fig. 4a–e highly suggest that our two
distinct approaches (three methods) to estimate mean firing rate are con-
gruent. Considering Eq. (11), a future work could include also estimation of
individual’s p (the constant p is defined in Eq. (5) and in ref. 29), to further
improve the correlations between the three developed methods.

Mean firing rate estimation of different functional
systems
Having calculated the in-vivo mean firing rate estimation, λ, for the whole
brain, it is interesting tofindoutwhatare thevaluesofλ for thedifferentbrain’s
functional systems. First we test if we can implement our three methods (as
shown in Fig. 1b) to each functional system separately. For this purpose, we
show in Table 1 the fitting for all subjects when comparing between mean
firing rate estimation of the three methods, for six brain functional systems.
Specifically, this analysis is similar to Fig. 4a–c, but instead of considering the
whole brain tissue, the analysis in Table 1 applies separately to six different
functional systems. The good fitting, expressed by a Pearson correlation
between 0.63 < r < 0.91, supports the conclusion that our three methods are
indeed suitable also for evaluating λ within each system separately.

Next,we investigate thedistributionofλ acrossbrain functional systems.
Figure 5a analyzes the mean firing rate estimation of the each participant, as
obtained frommethod-I, for thedifferent functional systems, showing similar
values for the different areas, all around mean{λ} ≈ 0.055. Since different
functional systemsare interacting16,33, linkedand synchronized17,21,34,35 to great
extent for enabling the performances of complex tasks, we thus expect λ of
different functional systems to have similar values.

From the same physiologically reasoning, it is expected that a subject
with a relatively high value of λ in one functional systems, will also have
relatively high values of λ in all other functional systems. That is, although λ
of all brain systems are similar, the λ of different functional systems of the
same subject correlate in their specific values. Indeed, Fig. 5b shows sig-
nificant correlations (of 0.69–0.93, all with p-val <0.05) between the λ’s of
different functional systems in the same brain for different people (see also
Supplementary Fig. S4). Our finding (Fig. 5b) that λ of the different func-
tional systems in the same subject are indeed synchronized, as conjectured,
adds an important support to our hypotheses andmethods developed here.

In Fig. 5cwe show the frequency f, that estimatesmeanfiring rateusing
method-III, across the brain map after averaging f over all 710 participants.
Usingmethod-III, the firing rate can be evaluated for all functional systems,

including the Limbic system. This is unlike method-I (Fig. 5a, b) which
cannot be applied to analyze the Limbic system. Note that Fig. 5c suggests
that the Limbic system contains the highest values of mean spontaneous
firing rates, compared to the other functional systems. Moreover, interest-
ingly, all brain functional systems in Fig. 5c show large similarity between f
values of left (L) and right (R) hemispheres, which indicates a significant
symmetry or synchronization between mean spontaneous firing rate of left
and right brain hemispheres.

Calculating λ for in-vitro neurons’ networks
Reproducing our computationalmethod to calculate λ for in-vitro neurons’
networks is an important and alternative step for validation of our
approaches, particularly since such in-vitro experimental work could also
provide direct measurements of the actual λ, and due to its closeness to the
model of neuronal network. To this end, we analyzed recordings of spon-
taneous firing rate spikes from: (i) isolated leech ganglia for recording of
motoneurons network2, and (ii) hippocampal cultures from Wistar rats
which were plated on multielectrode array2. From those recordings of the
electrophysiological activity, λ is obtained directly by averaging the firing
rate of the spontanious spikes. This could be compared, for validation
purposes, to our method-I of calculating λ using power spectrum density
(PSD) analysis as shown in Fig. 1b.

Therefore, in Fig. 6we calculate λusing ourmethod-I, from thePSD, for
intact leech ganglia (Fig. 6a) and dissociated cultures of rat hippocampal
neurons (Fig. 6b), and compared it to the direct measurements of λ (Fig. 6e
and f, respectively). These results show indeed close values when comparing
λ from ourmethod-I vs. the direct experimental result, for both leech and rat
hippocampal networks. Specifically, this comparison shows, accordingly,
λ = 0.18Hz (our method-I) vs. λ = 0.21Hz (direct) for leech network, and
λ = 0.31Hz (our method-I) vs. λ = 0.34Hz (direct) for rat hippocampal
network. Note that those values are related to mean spontaneous firing rate
per-neuron, afterdividing themeanfiring rate by the totalnumberofneurons
in the culture (see Supplementary). Interestingly, those values of animal
in-vitro neuronal cultures λ are higher than the human fMRI in-vivo λ.

Thus, Fig. 6 supports via in-vitro experimental records our method of
calculating λ for two very different networks. Not only that the networks
origins are different (leech and rat), but even the network connections are
distinct: intact ganglia and dissociated cultures. Therefore, unrelated to the
networking type and value, we obtained support to our method. Note that,

Fig. 3 | Demonstration of the evaluation of λ using
method-II viaA, andmethod-III via f. a Real fMRI
data example of the two half’s day correlation
ρ(BOLD) of a given subject. b Power spectral density
(PSD) of the signal in the panel (a). To calculate the
mean firing rate estimation using methods-II & III,
we use the amplitude A and the frequency f of the
maximal peak values (marked in a full gray circle).
This example applies to a single voxel same person
during rest-state. In order to calculate and obtain a
single value for each subject, we average the values of
f and A2 from all nodes (i.e., 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
meanfA2g

p
for

method-II, and mean{f} for method-III). In panels
(c, d) we added white noise with SNR = 0.7 to the
original BOLD signal and performed same analysis
as in panels (a, b). Comparing the results of panels
(a, b) to the results of panels (c, d) show noisier
correlation (panel c) with much less dominant peak
in the PSD analysis (panel d). This strengthen our
conclusion on the importance of calculating f and A
using the autocorrelation.
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interestingly, the in-vitro PSD and its derivation (both for leech network in
Fig. 6a, c and for rat hippocampal network in Fig. 6b, d), show resemblance
to the in-vivo fMRI PSD and its derivation (Supplementary Fig. S1a, d).

Relation between individuals λ and brain task
performances
Amajor challenge in brain research is to relate measured brain parameters
to actual task performances. As we offer here a method for in-vivo λ eva-
luation, it is of much interest to test whether the mean spontaneous firing
rate,λ, could be related to taskperformances. Therefore in Fig. 7awepresent
the correlation values between the λ value of a subject and three types of task
performances: motor (Fig. 7a, blue), working memory (Fig. 7a, green and
red), and attention (Fig. 7c). Additionally, Fig. 8a use EEGdata36 to calculate
λ values (using our method-I) pre- vs. post-tasks with cognitive trainings,
such as working memory tasks. Since also EEG data known to show a 1/f
behavior23, we expect that ourmethod-I canbe applied also toEEGdata, and
hence can observe changes of λ after cognitive tasks. Since the tasks are
performed in short duration,we expect small but significant differences in λ.

As λ reflects both excitability threshold and neuronal noise, we suggest
that some tasks correlateswith λdue to its neuronal noise characteristic, and
some due to its excitability threshold characteristic (the specific tasks 1–18
are described in Supplementary Fig. S5):

An example for a neuronal noise characteristic affecting both task
performances and λ is the motor grip strength test, shown in Fig. 7a (blue)
andSupplementary Fig. S6a.Noise in the actionpotential aimed towards the
muscle fibers, contributes to force variability, which in turn reduces the
twitch strength in the innervated muscle fibers37. Therefore high neuronal
noise, which is known to increase λ, is expected to also decrease the motor
grip strength. In Fig. 7a it is indeed found that there is a negative correlation

Fig. 4 | Comparing our three developed methods to evaluate the mean firing rate
of an individual. aComparing for different subjects λ as obtained fromBOLD fMRI
signal spectrum (method-I), to the correlation ρ(BOLD) amplitude A (method-II).
b Comparing λ for different people as obtained from our suggested method-I, to the
correlation ρ(BOLD) frequency f (method-III). c Comparing A as in our suggested
method-II, to the correlation frequency f as in our suggested method-III. All com-
parisons in panels (a–c) show excellent correlations (all with p-val <10−101) of
a corr = 0.86, b corr = 0.69 and c corr = 0.88. d Histogram analysis show close
relations between the values of method-III f (blue) and of method-I λ (purple) for

different people. The close similarity between the histograms of the two methods
represents an additional support for our methods. Note that an important technical
difference betweenmethod-I andmethod-III, is that inmethod-I we calculate λ from
a spectrum averaged across voxels (see Methods and Supplementary Fig. S2), while
inmethod-III (and inmethod-II) we calculate f (andA) from each voxel’s correlation
PSD. Therefore, we expect some differences when comparing method-I results to
those obtained by the second approach, f and A, in estimating mean firing rate.
eCorrelations between our three methods at same time frame (test) and after one to
11 months (re-test).

Table 1 | Correlations of mean firing rate estimations between
our three methods, for different brain functional systems and
different people

functional system method-I vs.
method-II

method-I vs.
method-III

method-II vs.
method-III

visual 0.84* 0.77* 0.87*

somatomotor 0.83* 0.71* 0.82*

dorsal attention 0.77* 0.80* 0.82*

ventral attention 0.77* 0.63* 0.84*

frontoparietal 0.72* 0.76* 0.80*

default mode 0.77* 0.76* 0.91*

This table is inaccordancetoFig.4panels (a)-(c).All resultsarestatisticallysignificantwith *p-value<10−50.

https://doi.org/10.1038/s42003-025-08667-8 Article

Communications Biology |          (2025) 8:1281 7

www.nature.com/commsbio


betweenmotor strength task and λ, as expected. In Fig. 7b, we show a strong
negative correlation between method-III frequency, f, and the motor
strength task. Since λ and f are correlated, Fig. 7b suggests that f and motor
strength task also have strong negative correlations. Interestingly, the cor-
relations with f have non-symmetric values when comparing left and right
hemisphere.

An example for an excitability threshold characteristic affecting both
task performances and λ is the relation between λ and the accuracy of
working-memory (WM), shown in Fig. 7a (red) and Supplementary
Fig. S6b. Neuronal excitability is associated withWMperformances, as was
found in previous works studying WM from genetic38, dopamine
modulation39 and neuronalmodeling7 perspectives. Interestingly, we find in
Fig. 7a that WM performances are positively correlated with λ, where
participants with better WM performances (higher accuracy and reduced
reaction time) have higher values of λ and hence lower excitability threshold
(i.e., higher excitability).

An example for task performance effected by both excitability
threshold and neuronal noise (as is the case for mean firing rate) is the
attention (see Fig. 7c). Attention is effected by both excitability threshold40

and noise41, whereas higher attention is obtained with higher threshold and
lower noise, therefore attention andmean firing rate are effected oppositely.
This in agreement with Fig. 7c, which shows negative correlation between
mean firing rate estimation, measured according to method-III f, and the
task performance related to attention: Short PennContinuous Performance
Test (SCPT) Sensitivity. Interestingly, Fig. 7c, which marks only significant
correlations, indicates that this brain area which show significant correla-
tions between SCPTandmeanfiring rate estimation, uniquely relates to left-
Inferior-Parietal. Importantly, this specific brain area of the left-Inferior-
Parietal has been found to have a role in attention42.

Wenote that there are alsoother behavioral characteristics, in additional
tomotor,WMandattention,which showstrong correlationwithmeanfiring
rate, and which could be analyzed and discussed in future studies.

Fig. 5 | Functional systems analysis. Evaluating λ based on a, b method-I and
cmethod-III. a, bAnalysis of the average firing rate, λ, for all participants for each of
the different functional systems: Visual, Somatomotor, Dorsal Attention, Ventral
Attention, Frontoparietal and Default Mode. This includes all functional systems
except the Limbic, for whichwe find that the condition c1 > > c2 in Eq. (6) is not valid,
and consequently does not show a slope of −1 on its spectrum. a The λ value
spreading along population of N = 710 participants for the different functional
systems. The mean value of λ is close to 0.055 for all functional systems, without

statistical significant differences. b Analyzing the compatibility of λ between dif-
ferent functional systems within the same participant, shows that the values of λ are
highly correlated (correlations between 0.69 and 0.93, all with P-val < 0.05). c Fre-
quency brain map, f, in order to estimate the mean firing rate using method-III. The
shown frequencies f are averaged values for all 710 participants.Note that in panel (c)
the Limbic system is included. While, due to high neuronal noise, method-I cannot
be used to estimate Limbic system, method-III (and method-II) can evaluate the
Limbic average firing rate.
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Next we show not only that ourmethod-I is valid also to EEG data, but
also that the λ from EEG changes when measured after cognitive tests.
Technically, the EEG record voltage potentials resulting from summation of
currents flow in and around neurons, which then conduct throughout the
brain volume to the EEG electrodes43. Due to noise, unlike the fMRI, from
the EEG data the spectrum of low frequencies (bellow 0.1 Hz) cannot be
obtained. However, it has been suggested how to overcome this issue by
subtracting the envelope of alpha wave23,44. Here we use this technique to

obtain PSD of low frequencies EEG, followed by measuring λ using our
method-I. Note the similarity of PSD when comparing the fMRI PSD in
Supplementary Fig. S2 and the EEG PSD in Supplementary Fig. S3, to the
theoretical (analytical equation) PSD in Supplementary Fig. S1b.

In Fig. 8a, blue line, we show the distribution value of λ for 585 subjects,
withmean value of λEEG≈ 0.134Hz for data collected pre-tasks. Since theEEG
alpha waves are attributed to the activity of cells in the Thalamus45, and since
the Thalamus is anatomically close to the Limbic system and has close
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functional relationshipwith it46, it is not surprising thatwefindEEGλvalues to
be close to the fMRI λ value of the Limbic system (see fMRI Limbic system
λ→ 0.15Hz in Fig. 5c). Note that the λ of the Thalamus, which is a deep brain
structure, cannotbeobtainedusing fMRIdata,whichcanmeasureonly surface
brain structures, hence the EEG is complementary to the fMRI in this sense.

Importantly, comparingmean values of λpre-tasks (blue) to post-tasks
(red), from Fig. 8a, shows that the λ values are consistently lower after tasks.
While mean value of λEEG ≈ 0.134 ± 3.8⋅10−4 [Hz] for data analyzed pre-
tasks, themean value of λEEG≈ 0.131 ± 4.5⋅10−4 [Hz] for post-tasks. Though
the difference in λ is small, it is highly significant showing two-sample t-test

p-val = 1.1⋅10−6 and two-way ANOVA (analysis of variance) p-val = 0.002.
This conclusion canbeobserved alsodirectly fromFig. 8ahistograms,where
λ pre-tasks histogram (blue line) is compared to λ post-tasks histogram (red
line), showing higher probability of the λ post-tasks histogram to occupy
lower values of λ. We hypothesize that for longer period of tasks the dif-
ference in λ might further increase. Note that the tasks includes cognitive
tasks of: selective attention andexecutive functions tasks36. This trend,where
λ is decreasing after cognitive tasks, which contain attention tasks36,matches
our finding in Fig. 7c that show negative correlation between fMRI mean
firing rate estimation and attention.

Fig. 6 | Analysis of the in-vitro spontaneous activity of two neuronal cultures
networks. a, c, e Leech ganglia (in blue lines) and b, d, f rat hippocampal neurons (in
red lines). Power-spectrum density (PSD) of the neurons network firing rate as
measured in-vitro from a intact leech ganglia and b dissociated cultures of rat
hippocampal neurons2. Both PSD (of leech and of rat) are obtained after smooth-
ening with truncate median filter of 50 order, followed by a polynomial fit (9 order
polynomial fit). The green dot represents the polynomial value where its derivative is
−1, and the doted black line represent the −1 slope around this dot. Measuring the
frequency where the PDS slope is −1 (see Fig. 1a), our method-I analysis of this
experimental data suggest that a single neuron spontaneous firing rate is a of λ= 0.18
Hz for leech ganglia, and b of λ = 0.31 Hz for rat hippocampal neurons. The PSD

derivatives of (a, b) are shown in (c, d), which also show, in green dot, the first
frequency where the slope is −1. As before, for method-I, we take λ as the first
solutionwhere the polynomial obtains −1 slope (within the PDS frequencies range).
The values of λ, as calculated in pannels (a, b) and in (c, d), are supported in panels
(e, f) where spontaneous spikes frequency distribution of the firing rate in (e) leech
and (f) hippocampal neurons were measured directly2, obtaining mean values of (e)
λ ≈ 0.21 Hz for leech and (f) λ ≈ 0.34 Hz for hippocampal neurons' networks. Note
that, for panels (e) and (f), in order to find the single neuron spontaneous firing rate,
we used the network firing rate (defined as the sum of all neuron firing rates2) and
divide it by the total number of neurons in the network (see last section in
Supplementary).

Fig. 7 | Behavioral measures and their correlation with our measured mean
spontaneous firing rate. aCorrelations between λ, calculated from the whole brain,
and behavioralmeasurements ofmotor (blue) andworkingmemory (green and red).
The motor is shown for motor grip strength, and the working memory (WM) is
demonstrated for task accuracy (in red) and reaction time (RT) (in green). All shown
correlations are significant, with *p-value <0.05, **p-value <0.01 and ***p-
value <0.001. The specific tasks 1–18 are described in Supplementary Fig. S5 in the
supplementary. Detailed correlations, between λ and additional motor and WM
behavioral measurements, are shown in Supplementary Fig. S6. bCorrelations brain
map between mean firing rate estimation, measured according to method-III f, and

motor grip strength task performance. Note that a detailed correlation, for each
brain’s functional systems and for each specific task, can be found in Supplementary
Fig. S6. c Correlations brain map between mean firing rate estimation, measured
according to method-III f, and the attention task performance, measured by Short
Penn Continuous Performance Test (SCPT) Sensitivity. Only significant (p-
val <0.05) correlations are shown. Note that the unique brain region that correlates
with SCPT-Sensitivity is left-Inferior-Parietal, which has been reported related with
attention42, whereas all other brain areas, including right-Inferior-Parietal, are not
significantly correlated.
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Moreover, it is expected that there will be some relationship between λ
pre-tasks vs. λ post-tasks, that is participants with high λ pre-taskswill show
high λ post-tasks, and vise-versa. Hence, in Fig. 8b we compared the λ pre-
tasks to the λ post-tasks, which show significant correlation of 0.143 with p-
val = 0.0005, for 585participants.Note that the a significant (p-val = 0.0005)
correlation of 0.143, point on a tendency of the λ post-tasks and the λ pre-
tasks to have the same trend, where there are other factors effecting post-
tasks performances in addition to the pre-tasks λ.

Discussion
In the present studyweuse stochastic analysis aimed to answer fundamental
questions in neurology. By analyzing the nature of 1/f fluctuations at rest
state fMRI (and EEG), we propose to answer a basic enigma on the brain’s
in-vivo mean spontaneous firing rate of a given subject. Calculating the in-
vivo spontaneous firing rate is of high importance for research and for
clinical purposes. In particularly, since spontaneous firing rate is affected by
both the neuronal spontaneous activity (neuronal noise) and the excitability
threshold, calculating the brain average spontaneous firing rate is of great
medical importance that span many neuronal-malfunctioning diseases.
Examples of diseases related to neuronal excitability threshold include:
diabetic47, hypertension48, obesity49, and examples for diseases related to
neuronal noise: autism9 and cognitive aging10.

The in-vivo mean firing rate estimation λ, for the network of brain
neurons, technically cannot be achieved by a direct invasive wet lab mea-
surements. The firing rate is very much affected by environmental condi-
tions, hence invasivemeasurements interrupt thenatural spontaneousfiring
λ. Therefore for validation purposes we developed three alternative dry lab
evaluations for in-vivo measurements, that emerge from two different
approaches based on the fMRI data. All three methods show excellent
agreement. Furthermore, to further support our methods, in Fig. 6 we also
provide in-vitro measurements, indicating that our method could predict
actual values of λ.

One of the approaches (methods II&III) that we suggest for evaluating
the brain spontaneous firing rate, λ, is by analyzing the correlation coeffi-
cient, ρ(BOLD), between two half’s day fMRI BOLD signals. Using sto-
chastic tools we show that the current correlation coefficient, and hence also
ρ(BOLD), is related to λ in both, its frequency and amplitude. Therefore we
suggest here that a direct correlation between the two half’s day fMRI signal,
reflects the intrinsic spontaneous firing rate of the neurons. While usually
the small cosine fluctuations in the current correlation coefficient are
neglected or ignored, here we show that its representation as a direct

correlation coefficients between twodifferent half’s day, is notmerely anoise
since its fluctuations can be useful for estimating λ.

Another method (method I) which we suggest concerns analyzing
fMRI signal spectrum. In Supplementary Fig. S1 and Eq. (6) we describe
analytically the neuronal current spectrum. We show that when f is in
proximity to the value of λ, a 1/f behavior is represented by the current
spectrum. Showing that λ has low frequency values, suggests that the
spectrum at low frequencies (but not the ultra-low frequencies range) will
present a near 1/f characteristics, as was indeed illustrated for fMRI signal23.
Hence, based on this we develop a theory and provide the yet unknown
answer to the question regarding the origin of the 1/f fMRI spectrum at low
frequencies. We show here results, based on method-I, related to four dif-
ferent types of data: (i) in-vivo BOLD fMRI human data, (ii) in-vivo EEG
humandata, (iii) in-vitro neuronal cultures networks of animals (Fig. 6) and
(iv)model simulations ofHopfield networkmodel (Supplementary Fig. S1c,
f, h). As all four show (−1) slope of log related to λ from very different
measurements, it suggests that method-I is universal and valid for all
measurements related to the neuronal current activity. Note, additionally,
that the value log has no units, hence the measurements units are irrelevant
for the slope log. Indeed, noise with a 1/f power spectral density ((−1) slope
of log) is a common description of signals in biological (e.g., heart rate) as
well asmanyphysical systems (e.g., noise in electronic devices, gravitational-
wave astronomy). In general, the origin of 1/f noise and its genesis are
unknown, and theories regarding this noise remain questionable. Suggest-
ing here a model that relates neurons’ network with a neuronal noise input
to the 1/f fMRI nature, could potentially be the key for understanding other
1/f behaviors in biological and physical systems.

Methods
Method-I: spectrum - analytical representation of the spectrum
According toHodgkin–Huxleymodel (representing the currentflowthrough
themembrane lipid bilayer like a capacitor), the relation between the current,
I, and the voltage, V, is: dVi/dt = Ii/C, where C is the capacitance50. Applying
this relation into Eq. (2), and considering that τ = ρ⋅C for resistance ρ, yields:

ρi � Ii ¼ �Vi þ τ �
X
j≠i

WijRðVjÞ þ τ � σ � ni ð12Þ

Ii þ Vi=ρi ¼ C �
X
j≠i

WijRðVjÞ þ C � σ � ni: ð13Þ

Fig. 8 | The values of λ obtained from the EEG data at the resting state. The EEG
data36 have been used to obtain λ based onmethod-I, in a similar way as for the fMRI
data. The EEG data include pre-tasks and pot-tasks analyses of 585 participants
obtained during rest with eye closed. Due to noise, in accordance with the literature23
,44, we use only EEG signals that relate to alpha wave, which is known to be attributed
to the activity of the Thalamus45. As the Thalamus is anatomically and functionally
close to the Limbic system46, we indeed find EEG λ values close to the fMRI λ value of
the Limbic system (see Fig. 5c). a λ values distributions for 585 participants pre-tasks
(blue) and post-tasks (red) from EEG data as obtained from method-I. Note that
post-tasks values tend to occupy lower values of λ when compared to pre-tasks λ
values. This conclusion is further strengthen when looking at the averaged values.

Average values analysis shows pre-tasks with mean value of E{λ} ≈ 0.134 ± 3.8⋅10−4

[Hz] is higher then the post-tasks with mean value of E{λ} ≈ 0.131 ± 4.5⋅10−4 [Hz].
The 585 subjects show significant difference between λ pre-training vs. λ post-
training, with two-sample t-test with p-val = 1.1⋅10−6, and two-way ANOVA
(analysis of variance) p-val = 0.002. This points on a small but significant decrease of
λ after tasks. bWe find the matching between λ pre-tasks and λ post-tasks, with
statistically significant correlation of 0.143 and p-val of 0.0005. A significant (p-
val = 0.0005) correlation of 0.143, point on a tendency of the λ post-tasks and the λ
pre-tasks to have the same trend, where there are other factors effecting post-tasks
performances in addition to the pre-tasks λ.
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From Eq. (13) we can obtain relations between the autocorrelation of
the current (r(I, I) =E{I(t)⋅I(t−T)}), the voltage (r(V,V) =E{V(t)⋅V(t−T)})
and the cross-correlation between the current and the voltage
(r(I, V) = E{I(t)⋅V(t − T)}), as follows

rðI; IÞ þ rðV ;VÞ=ρ2 þ 2 � rðI;VÞ=ρ ¼ C2 �
X
j≠i

Wij

 !
rðR;RÞ þ C2 � σ2:

Since the power spectral density (PSD) is the Fourier transform of the
autocorrelation (and the cross-correlation), applying the spectrumoperator
on both sides of Eq. (13), and assuming that R(Vj) is an inhomogeneous
Poisson process, we get the following relation to the frequency, f:

Sþ SVV=ρ
2 þ 2 � SIV=ρ ¼ C2 �

X
j≠i

Wij

 !2

� 2=λ

1þ ð f =λÞ2 þ C2 � σ2

ð14Þ

where S is the (absolute) PSDof the current,SVV is thePSDof the voltage, and
SIV the PSD of the autocorrelation between the current and the voltage. Note
that the firing rate R(Vj) is an inhomogeneous Poisson process having
autocorrelation of: e�λjt2�t1j, where t1 and t2 are the two temporal values28.

Therefore, the PSD (Fourier transformof autocorrelation) ofR(Vj) is
2=λ

1þð f =λÞ2.

Since, according to Hodgkin–Huxley model V = ∫ I/C50:

Sþ S=ðC2 � f 2 � ρ2Þ þ S=ðC � f � ρÞ ¼ C2 � P
j≠i

Wij

 !2

� 2=λ
1þð f =λÞ2 þ C2 � σ2

Sþ S=ðf 2 � τ2Þ þ S=ð f � τÞ ¼ C2 � P
j≠i

Wij

 !2

� 2=λ
1þð f =λÞ2 þ C2 � σ2;

ð15Þ

hence, for large enough frequencies, i.e., when f >> 1/τ, we can approximate
that:

S � c1
1þð f =λÞ2 þ c2

where : c1 ¼ C2 � P
j≠i

Wij

 !2

� 2=λ; and c2 ¼ C2 � σ2:
ð16Þ

From this we conclude that c1 > > c2 if: (i) the neurons are connected via
extensive networking connections, i.e.,∑j≠iWij is relatively large (e.g., since
the number of connections is large, the amount of summation∑j≠i is large);
(ii) λ is small (a fraction, i.e., λ< 0.1[Hz]) hence 1/λ is large; (iii) σ is small, its
value is ~7⋅10−3 V4.Hence, fromall the above: ðPj≠iWijÞ2 � 2=λ > > σ2, and

therefore, we conclude that c1 > > c2. Note that concluding that c1 > > c2 can
be obtained also from Supplementary Fig. S2.

Note that at f = λ the PSD gets a value ofC2 � ðPj≠iWijÞ2=λþ C2 � σ2.
Moreover, at f = ∞ the PSD is C2 ⋅ σ 2. Hence, if we eliminate the PSD at
S f ¼ λ
� �

from the PSDof S f ¼ 1� �
we get a valuewhich is proportional

to ðPj≠iWijÞ2. And indeed Fig. 9 shows high correlation, ≈0.88, between

neuronal network links connections and S f ¼ λ
� �� S f ¼ 1� �

, which
adds another support to our analysis.

Method-I: spectrum - extracting λ from the spectrum
From Eq. (16), we show now how to extract λ from the current spectrum S,
and with neglecting c2 (c1 > > c2, see text immediately after Eq. (16)),

S � c1
1þ ð f =λÞ2 ; ð17Þ

we can calculate the slope of a loglog spectrum plot, by using the following
rule:

d logðSÞ
d logð f Þ ¼

d logðSÞ
df

� df
d logð f Þ ¼

d logðSÞ
df

� 1
d logð f Þ

df

¼ d logðSÞ
df

� f : ð18Þ

Applying this rule, Eq. (18), for Eq. (17):

logðSÞ ¼ logðc1Þ � log 1þ f
λ


 �2
 !

ð19Þ

d logðSÞ
d logð f Þ ¼ �

2�f
λ2

� �
1þ f

λ

� �2 � f ð20Þ

d logðSÞ
d logð f Þ ¼ �2 �

f
λ

� �2
1þ f

λ

� �2 ð21Þ

d logðSÞ
d logð f Þ∣f¼λ

¼ �2 � 12

1þ 12
¼ �2 � 1

2
¼ �1 ð22Þ

Note that, in general dlogaðSÞdlogað f Þ ¼
d lnðSÞ=lnðaÞ
d lnð f Þ=lnðaÞ ¼ d lnðSÞ

d lnð f Þ, therefore, same results for
ln and for log.

Therefore, for f = λ the slope of the loglog (log(y) vs. log(x)) plot of the
spectrum is of −1. For the case where c2 = 0, there is no other f solution that
obtain slope of −1. However, when adding constant c2 > 0, in particularly
due to noise, there will be a second solution of −1 slope, close to where the

Fig. 9 | Estimating connection strength, W, from
spectrum. aDefinitions of Sλ and S∞ as the spectrum
at λ frequency (S f ¼ λ

� �
) and as the spectrum at

steady-state infinity frequency (S f ¼ 1� �
),

accordingly. b Correlation of ≈0.88 between the
spectrum points values Sλ− S∞, and the connections
strengths

P
j≠iWij

� �2
. TheWij are estimated from

neuronal network links connections values.
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PDS gets a flat c2 value. Therefore, we always take f = λ as the first solution
(lowest f) that reach a value −1 slope within the PDS frequencies range.

Method-II & method-III: correlations - analytical representation
of the correlation
Althoughour twoapproaches aredistinct, their startingpoint is similar, as in
both we use Hopfieldmodel under the assumption that the afferent input is
noise (Eq. (2)). But as we shownow, themethods deviate by employing very
different approaches. For example, while our first approach (method-I)
considers the spectrum and assume low level of noise, in our second
approach (method-II &method-III) we calculate the correlations at steady-
state and assume stationarity.

Applying Eq. (2) to the i-th and the k-th neurons in the day’s first half
(half-1) and the day’s second half (half-2):

half � 1 : τ � dVi=dt ¼ �Vi þ τ �
X
j≠i

WijRðVjÞ þ τ � σ � ni

ð23:1Þ

half � 2 : τ � d �Vk=dt ¼ ��Vk þ τ �
X
j≠k

WkjRð�VjÞ þ τ � σ � �nk;

ð23:2Þ
where the bar, e.g., �V , represents half-2 signal data. Note that the model
parameters, such as λ, τ, W and σ, are expected to have similar values for
both half-1 and half-2.

Implementing Eq. (23) in the product rule:
dðVi � �VkÞ=dt ¼ dVi=dt � �Vk þ Vi � d �Vk=dt, yields that for those two
neurons:

τ � dðVi � �VkÞ=dt ¼�Vk � �Vi þ τ �
X

WijRðVjÞ þ σ � ni
� �

þ Vi � ��Vk þ τ �
X

WkjRð�VjÞ þ τ � σ � �nk
� �

:

Since ni and �nk are uncorrelated with �Vk and Vi (respectively), the expec-
tation operator E{} on both sides of Eq. (24) yields:

τ � dðEfVi � �VkgÞ=dt ¼� 2 � EfVi � �Vkg þ τ �
X

Wij � Ef�Vk � RðVjÞg
þ τ �

X
WkjEfVi � Rð�VjÞg:

ð24Þ

Assuming that the derivative of the average product is zero,
dðEfVi � �VkgÞ ¼ 0, due to stationarity, yields:

EfVi � �Vkg ¼ τ=2 �
X
j≠i

Wij � Ef�Vk � RðVjÞg þ
X
j≠k

WkjEfVi � Rð�VjÞg
0
@

1
A:

ð25Þ
SinceR(V) depends onV (voltage of half-1) andnot on �V (voltage of half-2),
the values of �Vi andR(Vj) (and the values ofVi andRð�VjÞ) are uncorrelated.
Additionally, due to stationarityV and �V (andR(V) andRð�VÞ) have similar
statistics:

X
j≠i

Wij � Ef�Vk � RðVjÞg ¼
X
j≠k

WkjEfVi � Rð�VjÞg

¼
X
j≠i

Wij � EfVig � EfRðVjÞg
ð26Þ

hence, applying Eq. (26) into Eq. (25) yields:

EfVi � �Vkg ¼ τ �
X
j≠i

Wij � EfVig � EfRðVjÞg: ð27Þ

E{Vi} can be calculated from applying mean operator on both sides of
Eq. (23.1), as follows:

τ � dEfVig=dt ¼ �EfVig þ τ �
X
j≠i

Wij � EfRðVjÞg ð28Þ

EfVig ¼ τ �
X
j≠i

Wij � EfRðVjÞg ð29Þ

where the transition from Eq. (28) to Eq. (29) is as dE{Vi}/dt = 0 (statio-
narity). Implementing Eq. (29) into Eq. (27) yields:

EfVi � �Vkg ¼ τ2 �
X
j≠i

Wij � EfRðVjÞg
 !2

: ð30Þ

In order to calculate the current correlation between half-1 and half-2:
EfIi � �Ikg, we multiply Eq. (23.1) with Eq. (23.2), and with the current-
voltage relation of Ii/C = dVi/dt, and we obtain (using also Eq. (25)) that:

τ2=C2 � EfIi � �Ikg ¼ EfVi � �Vkg þ τ2 � E
X
j≠i

WijRðVjÞ �
X
j≠k

WkjRð�VjÞ
8<
:

9=
;

� 2 � τ �
X
j≠i

Wij � Ef�Vk � RðVjÞg þ
X
j≠k

WkjEfVi � Rð�VjÞg
0
@

1
A

ð31Þ

τ2=C2 � EfIi � �Ikg ¼ EfVi � �Vkg þ τ2 � E
X
j≠i

WijRðVjÞ �
X
j≠k

WkjRð�VjÞ
8<
:

9=
;

� 2 � τ � EfVi � �Vkg
ð32Þ

where C is the neuronal membrane capacitance. Further using Eqs. (30) on
Eq. (32) yields:

τ2=C2 � EfIi � �Ikg ¼ τ2 � E
X
j≠i

WijRðVjÞ �
X
j≠k

WkjRð�VjÞ
8<
:

9=
;

� τ2 �
X
j≠i

Wij � EfRðVjÞg
 !2

ð33Þ

1=C2 �
X
i

X
k

EfIi � �Ikg ¼ E
X
i

X
j≠i

WijRðVjÞ �
X
k

X
j≠k

WkjRð�VjÞ
8<
:

9=
;

�
X
i

X
j≠i

Wij � EfRðVjÞg
 !2

ð34Þ

1=C2 �
X
i

X
k

EfIi � �Ikg ¼ E
X
i

X
j≠i

WijRðVjÞ �
X
k

X
j≠k

WkjRð�VjÞ
8<
:

9=
;

� E
X
i

X
j≠i

Wij � RðVjÞ
( ) !2

;

ð35Þ

which finally yields:

1=C2 �
X
i

X
k

EfIi � �Ikg ¼ cov
X
i

X
j≠i

WijRðVjÞ;
X
k

X
j≠k

WkjRð�VjÞ
8<
:

9=
; ð36Þ
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1=C2 �
X
i

X
k

EfIi � �Ikg ¼
X
i

X
j≠i

Wij

 !2

cov RðVÞ;Rð�VÞ� �
: ð37Þ

From Eq. (37), and since the neurons’ current I has zero mean, its
correlation (E()) and correlation coefficient (ρ()) have the relation of
E Ii � �Ik
� �� �

=variancefIg ¼ ρðIi;�IkÞ, with current variance according to
Eq. (51). Hence,

1=C2 �
X
i

X
k

ρðIi;�IkÞ ¼
P

i

P
j≠iWij

� �2
cov RðVÞ;Rð�VÞ� �

variancefIg

¼
P

i

P
j≠iWij

� �2
cov RðVÞ;Rð�VÞ� �

P
i

P
j≠iWij

� �2
� λ � C2

ð38Þ

X
i

X
k

ρðIhalf1i ; Ihalf2k Þ ¼ cov RðVÞ;Rð�VÞ� �
λ

: ð39Þ

The firing rate of a neuron is described by an inhomogeneous Poisson
process with additional slow cosine oscillations, with autocorrelation R(V)
as described in Eq. (5) (see also ref. 29). This yields at λ ⋅ (t2 − t1) → ∞
(where e−λ⋅(t2−t1)→ 0), as is the case for most elements of the day’s two halfs,
cosine oscillations around zero with frequency of λ and amplitude of p,
hence applying this into Eq. (39) yields,

f � frequence ρðIhalf 1i ; Ihalf2k Þ
n o

¼ λ ð40Þ

and,

X
i

X
k

amplitude ρðIhalf1i ; Ihalf 2k Þ
n o

¼ p
λ
; ð41Þ

which is, since p is defined in Eq. (5) as a constant:

A � amplitude ρðIhalf1i ; Ihalf2k Þ
n o

/ 1
λ
: ð42Þ

Note that since for different voxels (different neurons) the value of λ
could be different, we use only correlation of same voxel, i.e., instead of
ρðIhalf 1i ; Ihalf2k Þ we use only same voxels (same neurons), ρðIhalf1i ; Ihalf2i Þ as in
Eqs. (9)–(11). Moreover, the fMRI data BOLD signal measures ionic cur-
rents activity32, hence ρðIhalf 1i ; Ihalf 2i Þ can be obtain from the fMRI BOLD
signal correlation-coefficient, which we name ρ(BOLD). The main con-
clusion from Eqs. (40) and (42) is that an FFT analysis (frequency and
amplitude) of ρ(BOLD) can be used to calculate λ.

Method-II & method-III: correlations - calculating current
variance
Applying sum, square and mean operators, EfðPiÞ2g, in Eq. (1) yields:

τ2=C2 � E
X
i

Ii

 !2( )
¼ E

X
i

Vi

 !2( )
� τ �

X
i

X
j≠i

WijEfVi � RðVjÞg

þ τ2 �
X
i

X
j≠i

Wij

 !2

EfRðVjÞ � RðViÞg þ Nτ2 � σ2:

ð43Þ

Since Vi and R(Vj) are uncorrelated for i ≠ j:

τ2=C2 � E
X
i

Ii

 !2( )
¼ E

X
i

Vi

 !2( )
� τ �

X
i

X
j≠i

WijEfVig � EfRðVjÞg

þ τ2 �
X
i

X
j≠i

Wij

 !2

EfRðVjÞ � RðViÞg þ Nτ2 � σ2

ð44Þ

τ2=C2 � E
X
i

Ii

 !2( )
¼ E

X
i

Vi

 !2( )
� τ �

X
j≠i

WijEfVig � λ

þ τ2 �
X
i

X
j≠i

Wij

 !2

EfRðVjÞ � RðViÞg þ Nτ2 � σ2:

ð45Þ

Note that for the variance calculationsweuse t=0, hence theRprobability is
an inhomogeneous Poisson process with λ mean and variance. Further
using Eq. (29) yields:

τ2=C2 � E
X
i

Ii

 !2( )
¼ E

X
i

Vi

 !2( )
� τ2 �

X
i

X
j≠i

Wij

 !2

� λ2

þ τ2 �
X
i

X
j≠i

Wij

 !2

EfRðVjÞ � RðViÞg þ Nτ2 � σ2

ð46Þ

τ2=C2 � E
X
i

Ii

 !2( )
¼C2

Z X
i

X
j

EfIi � Ijg � τ2 �
X
i

X
j≠i

Wij

 !2

� λ2

þ τ2 �
X
i

X
j≠i

Wij

 !2

EfRðVjÞ � RðViÞg þ Nτ2 � σ2:

ð47Þ

Considering that physiologically C < < 1, we get after neglecting C2 value:

τ2=C2 � E
X
i

Ii

 !2( )
¼ � τ2 �

X
i

X
j≠i

Wij

 !2

� λ2

þ τ2 �
X
i

X
j≠i

Wij

 !2

EfRðVjÞ � RðViÞg þ Nτ2 � σ2;

ð48Þ
and with E{R2} = variance{R} + (E{R})2 = λ + λ2, it is obtained that:

τ2=C2 � E
X
i

Ii

 !2( )
¼� τ2 �

X
i

X
j≠i

Wij

 !2

� λ2

þ τ2 �
X
i

X
j≠i

Wij

 !2

� ðλ2 þ λÞ þ Nτ2 � σ2:

ð49Þ
For small λ values (as λ < 0.1[Hz]), we neglect λ2:

τ2=C2 � E
X
i

Ii

 !2( )
¼ τ2 �

X
i

X
j≠i

Wij

 !2

� λþ Nτ2 � σ2: ð50Þ

The term N ⋅ σ 2 can be neglected relatively to
P

i

P
j≠iWij

� �2
, this since

σ<<∑j≠iWij (same reason that c1 >> c2, see text immediately after Eq. (16)),

https://doi.org/10.1038/s42003-025-08667-8 Article

Communications Biology |          (2025) 8:1281 14

www.nature.com/commsbio


and since N < <
P

i

P
j≠i

� �2
� N4:

variance
X
i

Ii

( )
¼

X
i

X
j≠i

Wij

 !2

� λ � C2: ð51Þ

Note thatEfðPiIiÞ2g ¼ variancefIg since the avarage value of the current is
zero, E{I} = 0.

Simulating spontaneous firing rate
The simulations we performed in Supplementary Fig. S1c, f, have been
obtained using the following equations:

τ � dVi=dt ¼ �Vi þ τ �
X
j≠i

WijRðVjÞ þ τ � σ � ni ð52Þ

with

RðVjÞ ¼
1
Δt

¼ 1=ðt2 � t1Þ; ð53Þ

whereΔt = t2− t1 is the time gap between the two latest spikes of the spikes
train of the simulation. Therefore, the Δt in Eq. (53) represents the time
interval between two consecutive voltage action potential peaks above
threshold (see Fig. 1a). Eq. (53) represents R(Vj) the firing rate of the j-th
neuron,which is instead of the deterministic function of the voltage (such as
hyperbolic tangent11,25, or logarithmic function51,52).UsingEq. (53) platform,
the firing rate R(Vj) describes an inhomogeneous Poisson process of the
neuronal spikes without external stimulation26,27.

Note that Eq. (52) represents voltage, where the spikes train is obtained
using a specific thresholds, as shown in Fig. 1a. In our simulation, it is
important to calculate the present spikes train of each simulation time, since
R(Vj) = 1/Δt where Δt is the time gap between two latest spikes train.
Specifically,

ViðtkÞ ¼ Viðtk�1Þ þ ðdt=τÞ � �Vi þ τ �
X
j≠i

WijRtk
ðVjÞ þ τ � σ � ni

 !
ð54Þ

spike apears whenViðtkÞ > threshold ð55Þ

Rtk
¼ 1=Δt;whereΔt is the time gap between two latest spikes ðup to the time tkÞ:

ð56Þ

Figure 1a, shows an example of a produced spikes train vs. voltage from our
actual simulation. Importantly, note that in the simulations, λ is not a pre-
determined variable, but rather is calculated from the simulation. By
changing the simulations variables σ and/or the threshold, the lambda is
changed.

The data - statistics and reproducibility
Data has been collected from the Human Connectome Project (HCP)Data
project53. Thedata includes 994healthy, youngadult subjectswith recordsof
14.4 [min] length. For each participant, resting state fMRI was measured
during two different days (Day-1, and Day-2). In addition, each participant
underwent serious of brain task performances.

Please refer to “HCP_S1200_DataDictionary_April” in “https://wiki.
humanconnectome.org” for the chart specifying all themeasured brain task
performances.

All our figures, except Fig. 2b (which includes all N = 767 subjects),
were obtained forN = 710 subjects, as they show consistency in the λ values
in both days (less than 40% differences, i.e., 0.6 < day1/day2 < (1/0.6)).
Futureworkwith better consistency (hence, includingmore subjects), could

use data with longer time records, better resolution or includes records of
more days.

For preprocessing purpose, we use the outputs of the minimal pre-
processing pipelines, developed by members of the WU-Minn HCP in
collaborationwithmembers of theMGH/UCLAHCP54.Moreover, in order
to separate the whole brain into a set of regions, we used the multimodal
parcellation atlas (HCP MMP atlas)55. This HCP MMP atlas includes 180
regions of interest (voxels) in each hemisphere.

Technical notes and differences between method-I and meth-
ods-II&III
The source codes to obtain methods I-III can be found in Supplementary
Materials.

For method-I, in order to get a smooth spectrum, we calculate an
averaged spectrum for each participant based on all 360 voxels (except the
21 Limbic systemvoxels) as shown in Supplementary Fig. S2. In order to get
λ for each functional systems, we calculate one averaged spectrum for a
participant from all voxels within the specific brain’s functional system.
Each voxel’s spectrum is obtained from averaging the spectrum from 300
points (3.6[min]) segments, with 150 points (1.8min) overlap. Each seg-
ment used aBartlett–Hanningwindow calculated from10 smaller segments
without overlaps. For the averaged smooth spectrum, we fit a 6th poly-
nomial, and from this polynomial we analytically get the derivative from
whichwe calculated thefirst value above 0.03Hzwhere the slope is − 1, this
is the frequency value where λ is detected. Note that we find this point
analytically, i.e., wefirstfit a 6-degree polynomial to the loglog spectrumand
weanalyzewhere thederivativeof this analytical polynomial equation is −1.

For methods-II&III we calculate the auto-correlation between two
half’s day, ρ(BOLD), using slidingwindowof size 2.88min.We calculate the
correlation of thisfixedwindow fromhalf-1 onhalf-2with time shifts of one
data (0.72 s) increments.Thevalueof f andA areobtained fromthemaximal
correlation value that is also a localmaximum for frequencies above 0.02 (in
accordance with method-I). Repeating this process, we obtain correlations
for all possible locations of such 2.88min windows from half-1. This yields
value of f andA2 for each of voxel, from all possible windows, and therefore
to get a single averaged value of spontaneous firing rate estimation for a
voxel we averaged all f and A2 from all the possible windows correlations.

In all our methods, we calculate mean spontaneous firing rate esti-
mation in both days separately, and than average the values from both days
for each participant. Twomain technical differences are noted between our
two approach: (i) Since for the Limbic systemwe find high c2 (Eq. (17)) and
no −1 slope in the range,we conclude that onlymethods-II&III can be used
to estimate spontaneous firing rate of the Limbic system. (ii) Since for
method-Iwe need a smooth spectrum,we averaged all voxels’ spectrums for
one participant. Therefore, λ can be calculated for an area rather than for an
individual voxel. Nevertheless, methods-II&III can be used to estimate
spontaneousfiring rate of a voxel.Hencemethods-II&III have higher spatial
resolution (therefore, Fig. 5c is obtained using method-III), while method-I
might have higher accuracy due to the smoothening. Note that if more data
is provided (longer data or additional days measured), method-I could
present higher spatial resolution, since for more data for a participant the
spectrum is more smooth.

Reporting summary
Further information on research design is available in the Nature Portfolio
Reporting Summary linked to this article.

Data availability
Dataset of fMRI Data has been collected from the Human Connectome
Project (HCP) Data project, which can be find in ref. 53. The EEG data can
be found in ref. 36. For the animal experiments of isolated leech ganglia and
hippocampal cultures fromWistar rats, the data are available fromref. 2 (see
Fig. 8 in ref. 2). All other data are available from the corresponding authors
on reasonable request. The sourcedatabehind thegraphs in thepaper canbe
found on our paper supplementary in Supplementary-Data-1.
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Code availability
Oue codes used for analysis are available on our paper supplementary under
the file name Supplementary-Software-1. Those codes are designed for the
databases using MATLAB software.
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