
Photon migration in layered media
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Surface emission profiles and related functions are computed for particles (photons) migrating within a semi-
infinite medium containing a surface layer whose absorbance differs from that of the underlying layer.
Photons are assumed to be inserted at a single point on the surface. In certain cases distinct features appear
in the emission profiles which enable determination of the thickness of the top layer and of the absorption
coefficients of both layers. Computations are performed to provide estimates of parameter ranges for which
the presence of one layer distorts photon emission profiles from the other. Several ancillary functions are
calculated, including the absorbance profile as a function of depth, the expected path length of photons that
are reemitted at a distance p from the point of insertion, and the average depth probed by those reemitted
photons.

1. Introduction

Many therapeutic and diagnostic techniques in
medicine depend on specific local interactions of light
with tissue and other biological media. In several
applications radiation is incident at the surface of a
tissue, and the reemission of photons from that surface
provides information about the medium. We, there-
fore, recently developed a mathematical model to de-
scribe photon migration in turbid media.' Formulas
were obtained for the spatial intensity distribution of
diffuse emission at the surface and for the mean total
path length traveled by a photon between the point of
incidence and the point of reemission. We also were
able to find the probability density for photon absorp-
tion as a function of depth in the tissue and the average
depth at which a photon travels before reemission.
These all are useful for interpreting data acquired by
remote optical sensing of biological tissue, an example
of which is laser Doppler velocimetry to measure mi-
crovascular blood flow.2 3

As light penetrates biological tissue, it is scattered
by many refractive-index variations, which, over dis-
tances of the order of 1 mm, lead to the randomization
of the direction of propagation. The great variability
in microscopic refractive index within the medium
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makes it almost impossible to analyze scattering in
detail for living tissues. However, the specifics of the
short range behavior by which light is partially scat-
tered from its initial direction do not need to be under-
stood to describe light propagation over distances sub-
stantially greater than that required for the
randomization of the direction of propagation. Thus
we previously adapted a discrete lattice model as a
convenience in carrying out both analytic and numeri-
cal calculations. The use of such a lattice random walk
should be regarded as a phenomenological approach,
justified by comparison to calculations for more physi-
cally realistic models, such as in Ref. 1 for a semi-
infinite continuum model having random scattering
lengths. The continuum model corresponds to a lat-
tice with vanishingly small lattice spacing where ran-
domization of direction occurs over distances which
are exponentially distributed about a constant mean
value. Such lattice models underly the development
of many theories of diffusive motion. 4

In our earlier work,1 the homogeneous tissue was
assumed to be so thick that only a single surface-the
interface between the tissue and the exterior medi-
um-needs be taken into account. In the present
work we use the lattice model to examine the effects of
tissue heterogeneity by including an additional super-
ficial tissue layer whose absorptive properties differ
from those in the underlying bulk medium. Examples
of layered biological tissues are skin (epidermis, der-
mis, subcutaneous fat) and the walls of arteries (inti-
ma, muscle, adventitia), stomach, bladder, intestine,
and esophagus. Also, different tissues in contact, or
tumors within a single tissue, in certain cases might be
modeled as being such layers. Two potential clinical
applications involve tumor detection and therapy: (1)
to detect a deep-lying tumor by examining diffuse
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surface emissions, 5 it is necessary to know how the
emitted image is distorted by the intervening tissue,
e.g., how thin the upper layer has to be to detect the
underlying abnormality; (2) when irradiating pigment-
ed epithelia of finite thickness, such as a region of
malignant melanoma tissue in which one is trying to
apply phototherapy,6 one needs to know the depth
distribution of light absorption and how the underly-
ing tissue layer affects the absorption profile. A third
example derives from attempts to destroy atheroscle-
rotic plaque using laser angioplasty7: A scheme by
which plaque can be identified optically, and its thick-
ness quantified by remote sensing, might be used to
control therapeutic laser ablation. Because in these
cases one cannot readily make measurements within
the tissues, information may only be available from
photons that penetrate and subsequently are reemit-
ted from the surface.

Although Monte Carlo calculations can be carried
out for heterogeneous tissue geometries, such simula-
tions are almost useless for examining the characteris-
tics of photon reemission at distances far from the
point of insertion because long migration paths occur
with low probability. Hence we devised an iterative
computational scheme for the lattice occupancy prob-
abilities of migrating particles. This methodology is
described in the next section (Sec. II). It is particular-
ly useful when the scattering cross sections (i.e., the
scattering lengths) of the various regions of the com-
posite material are similar but when the regions have
different average absorptions. For illustration, we
specifically consider a two-region composite with a
surface layer lying on top of a semi-infinite substrate.

Results from these calculations are presented in Sec.
III. First we consider a case where the absorbances of
the two layers differ by a factor of 20. Because of this
disparity, the effects of the more highly absorbing
layer are distinct, and results are easily interpretable
(see Figs. 2-9). Insights gained from these studies
then facilitate an understanding of the results of corre-
sponding computations performed for layered media
in which the absorptive properties are similar (e.g.,
Figs. 10 and 11).

At this stage of the investigation our principal goal is
to provide general qualitative insights into the behav-
ior of photons migrating in layered media rather than
to obtain precise numerical results. In Sec. IV we
briefly discuss other calculations that are possible us-
ing the present methods. The present numerical in-
vestigations suggest that it is feasible to estimate use-
ful physical parameters for a two-layered medium
from experimental data, especially if the absorbances
are dissimilar.

II. Computational Methodology

We wish to simulate the history of a photon after it is
injected into a semi-infinite two-layered medium.
The kinetics of photon migration are modeled in terms
of a random walk on a discrete lattice. However, in-
stead of simulating many random walks and calculat-
ing averaged quantities from them, we are able to
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Fig. 1. Two-dimensional projection of semi-infinite layered medi-
um, approximated by a lattice of discrete scattering loci surrounded
by continuously absorbing material. The scattering length here is
understood to be identical in the two regions, and the absorption

coefficients in the top and the bottom layers are ju and A2-

calculate exact probabilities. The scheme for doing
this has been used recently in a number of physical
applications. 8 9 Specifically, we assume that a walker
starts at radius r = 0 and depth z = 1 (see Fig. 1). After
n steps each site contains a fractional number of walk-
ers corresponding to the probability that a single walk-
er, starting from (0,0,1), will be at that site. Any
random walker reaching the surface is considered to be
absorbed there and is so recorded.

In the present work the scattering is presumed to be
angularly isotropic. Thus, if we were to use ordinary
rectangular coordinates, the probability of moving
would be equal to one-sixth in each of the six possible
directions. To simplify the computations, we utilize
the circular symmetry and divide the migration space
into concentric annuli, or rings, whose inner and outer
radii are given by j 1/2 (j = 1,2,. . .). In this case the
probability of moving in either direction along the z
axis still is one-sixth, but different probabilities are
used to describe lateral movements. For a walker in
the central core (inner radius = 0, outer radius = 1/2),

the probability of a move outward to the annulus
whose ring index is r = 1 is two-thirds. However, for a
walker in a ring of index r > 0, the probability of
moving inward is (1/6) [1 - 1/(2r)], while the probability
of moving outward is (1/6) [1 + 1/(2r)]. Furthermore, in
all cases except the central core, the probability of
staying in the same annulus and moving around it one
step clockwise or counterclockwise, without changing
depth or radius, is one-third. We verify these formu-
las by the following observations: (1) If the circular
shells are replaced by nested squares or hexagons, the
probabilities of migration, within a given shell or to its
neighbors, also are given by these formulas. (2) If
infinite space is uniformly populated by photons, mi-
gration according to these formulas keeps the distribu-
tion uniform.

One complication is that at each step some of the
walkers are absorbed. Absorption is assumed to be
described by Beer's law, i.e., exp(-g) is the survival
probability per unit step, where yu is the absorption
coefficient per unit scattering length.1 By convention,
we assume that, at the interface between the two tissue
phases, the material of the upper layer extends to a
depth of L + e, where e is a vanishingly small quantity.
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Thus, when scattering occurs toward the surface or in
the plane defined by z = L, the subpopulation of
random walkers is decreased by a term depending on
the absorption of the upper region; when scattering at
the £th layer is directed downward into the material,
the absorbed fraction is given by the properties of the
lower region.

In our numerical work, the lattice typically contains
zm = 130 total depth levels and r = 130 concentric
rings. To obtain the number of walkers that decay at
each of the i levels, we count the total number of
walkers at depth i and multiply by the fraction [1 -
exp(-Ai)], where gui is the absorption coefficient per
unit scattering length at the ith level. In accordance
with our convention, at the interface z = £ we multiply
by [1 - (/6) exp(-upper) - (1/6) exp(-lower)].} Then,
beginning at the center, we process each ring succes-
sively. The use of two grids, old walker and new walk-
er, facilitates the procedure of dividing and allocating
probability densities. We count and remove the walk-
ers that reach the remote surfaces of our large but
finite array, asserting that only a fraction of the walk-
ers impinging on the fictitious boundary is absorbed.
(We arbitrarily take that fraction to be one-half but
find that the particular choice does not significantly
affect results.) Next, for each ring, we compute the
cumulative number of walkers that have surfaced,
both unweighted and weighted by step number. At
the end of the simulation the unweighted number is
used to determine the photon emission profile. The
step-weighted quantity is used to calculate the average
path length (step number) of those photons that sur-
face within any given ring. All calculations are repeat-
ed until the number of active walkers (those which
neither leaked at the boundaries nor were absorbed
within the medium) falls below a preset value (typical-
ly 10-1o, which corresponds to -1000-2000 iterative
steps).

An additional parameter of physical interest is the
average depth of a photon that emerges at a distance p
from the injection point. An adaptation of the exact
enumeration method, utilizing two registers at each
site, is used to calculate this quantity.

Ill. Results

A. Disparate Absorption

We begin by examining cases in which the absorp-
tion coefficients of the two layers are very different.
Insights gained from this part of the investigation fa-
cilitate later interpretation of calculations for photon
migration in layered media having similar absorption
coefficients.

Measurable quantities in the anticipated applica-
tions consist of surface emission data obtained at vari-
ous distances p from the entrance point of the laser
beam. However, because the numerical simulations
are performed for a lattice model, results will be given
in terms of the function Gr, defined to be the fraction of
photons reemitted within the rth annulus on the sur-
face. These data can be related to the function -y(p),

defined as the probability density that a photon exits
the medium at distance p; i.e., y(p)dp is the reemitted
radiation at a distance lying between p and p + dp [see
Eq. (11) of Ref. 1].

1. Form of the Surface Emission Profile
First we consider the case where absorption within

the surface layer is very much greater than that within
the lower region (1 >> 92). In Fig. 2(a) we show
surface profiles Gr for Azl = 0.2, ,u2 = 0.01, computed for
differing values of the thickness L (in lattice units) of
the upper layer, where the quantities Ali and AL2 are the
absorption coefficients of the upper and lower layers,
respectively. It has been shown in Ref. 1 [from Eqs.
(12) and (14)] that the function y(p) for a homogeneous
medium is

(1)

for sufficiently large p. Thus, when the bottom layer
has the same absorption coefficient as does the top, we
expect the quantity log(rGr) to vary as a straight line
with the slope given as -(6Au)1/2. This is demonstrat-
ed in Fig. 2(b), where the results shown in Fig. 2(a) are
replotted as rGr on semilogarithmic axes. The slope of
the line marked a, which corresponds to a homoge-
neous material, indeed has the expected behavior.
More interesting, however, is the fact that for large r
the slopes of the other lines on the graph are given as
d[log(rGr)]/dr = -(6,12)l/2. Thus, in principle, the ab-
sorption coefficients of both layers can be determined
from the surface emission, the absorption of the bot-
tom layer being obtained from the emission profile at
large r, and that of the top layer being obtained from
the emission profile close to the point where photons
are injected.

A simple heuristic interpretation of these results is
that photons reemitted close to their insertion point
mostly travel in the upper layer, whereas those reemit-
ted far from the insertion point mostly move within the
bottom layer. Indeed, the large absorption coefficient
of the top layer makes it very unlikely that any photons
that travel for significant distances in that region will
survive. The fact that the initial slope persists to ever
greater r when the upper layer becomes increasingly
thick is consistent with this interpretation. In Fig.
2(c) we plot the function [log(rGr) + r(6,u2)1 /2 ] vs r.
The line marked now has as its slope (6L2)1/2 - (6Ai)1/2.
The regular spacing noted between the horizontal lines
suggests that with proper calibration it may be possi-
ble to infer the thickness of the upper layer from the
surface emission data.

2. Absorption as a Function of Depth
Similar features are seen in the curves for A(z),

which we designate here as the absorption at depth z.
In Fig. 3(a) we show the absorption as a function of
depth, and in Fig. 3(b) we plot the quantity log[A(z)] +
z(6,92)1/2 ). In accordance with analytical predictions
the diffential absorption in each region, far from the
interface, is proportional to exp[-z(6,4i)1/2], where , is
the absorption coefficient at the ith level. Figure 3(b)
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Fig. 2. Surface emission profiles as a function of distance from
point of photon insertion for various values of top layer thickness L.
The absorption coefficient of the top layer is much greater than that
of the bottom, namely, ul 0.2, ,u2 = 0.01: (a) the intensity in the rth
ring Gr vs r; (b) logrGr vs r; (c) [logrGr + r(6JU2 ) 1/2] vs r (skewed values,
see text). Note that distinguishing features appear only in the tails
of the emission profiles, where the intensity has fallen off by several

decades.

shows that the flux which enters the lower layer has
been depleted exponentially by a factor that depends
on the thickness of the upper layer.
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Fig. 3. Absorption as a function of depth for the same conditions as
in Fig. 2: (a) logA(z) vs z; (b) [logA(z) + z(6,42 ) 1 2] (skewed values).

3. Average Path Length in the Medium
We also have calculated the average total path

length traversed by a photon that emerges within the
rth ring. This quantity is of general interest when
interpreting optical signals obtained from remote
sensing measurements. In such cases the probability
of photon interaction depends on the total path length
over which photon migration occurs within the tissue.
For example, knowledge of the mean path length is
required for absolute measurement of microvascular
blood flow and blood volume by laser Doppler tech-
niques. 2

When the medium through which the photons mi-
grate is homogeneous, the average total path length,
given that a photon is emitted at distance p from the
point of injection, varies linearly with p as1 (nip) = 2 +
3p/(6y) 12 . Such behavior is indicated in Fig. 4(a) by
the line designated as , where we show results of
calculations of (nir) for a uniform medium having the
absorption of the upper layer (approximating thereby
a homogeneous semi-infinite medium). The other
curves in that figure correspond to photons moving in a
medium containing an upper region of finite thickness
layered on top of a semi-infinite medium of lower
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absorption. Again, the interpretation of the figure is
that photons emerging close to the point of insertion
mostly travel in the upper region. To be detected at a
surface point far from the point of insertion, a photon
has to travel within the lower region, as otherwise it
tends to be absorbed. Indeed, for very large values of
r, the average cumulative path length closely approxi-
mates that for photons which travel entirely in a medi-
um having the properties of the bottom layer. This is
indicated by the fact that the slope of the asymptotic
curve marked 0 in Fig. 4(a) is given as 3/(6)u2) .

An interesting representation of these data is
achieved by dividing the curves (nir), pertaining to
different L, by the corresponding values of the curve
(nr). for a homogeneous semi-infinite medium hav-
ing the absorptive properties of the upper layer. In
Fig. 4(b) we show the data of Fig. 4(a) plotted in this
way. The curves seem to be evenly spread along the r
axis for L > 2 and spaced in proportion to L. If the
curves are shifted along the r axis, they overlap. Ac-
cordingly, if the curves of Fig. 4(b) are scaled along the
abscissa by the factor rL, the midpoints coincide,
although the curves do not otherwise superimpose.

4. Average Depth of an Emitted Photon
Another quantity that we are interested in-needed

to determine which region of tissue is probed in remote
sensing applications-is the average depth (zlr) at
which a photon travels before surfacing within ring r.
Results (still for the situation ti = 0.2, A2 = 0.01) are
shown in Fig. 5. Again, for photons emitted at small
values of r, the average depth of penetration is almost
identical to that of a lattice of infinite thickness. The
transition noted in the curve at larger r indicates that
photon migration occurs within the lower layer. As
shown in Fig. 5, photons reemitted at larger r probe
ever deeper regions of the tissue as the surface layer is
thickened. The even spacing between the curves
marked L = 2, L = 4, L = 6, etc., indicates that,
whatever the thickness of the upper layer, the lower
layer is probed to nearly the same depth below its
boundary with the upper layer. Due to the high ab-
sorption coefficient of the upper layer, the photons
that surface are predominantly those which pass di-
rectly through the upper layer to the lower layer, where
migration without absorption is more likely.

An ancillary point which now can be established is
that, in a homogeneous medium, (zir) seems to vary as
ra for sufficiently large r. The coefficient a is given
approximately as a . 0.5. (Actually, present calcula-
tions indicate a = 0.54 for ,t = 0.01, a = 0.50 for it = 0.2,
and 0.50 < a < 0.54 for 0.01 < u < 0.2 with a tendency
toward a = 1/2 as At increases.) We recently found that,
in a single-layer medium, the correct value of a indeed
is 0.5.10

5. Caseg« << A2

We now examine what happens when the absorption
of the top layer is much weaker than that of the bottom
( << 2)- Let us consider as an example the inverse of
the situation examined above, i.e., now assume gui =
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Fig. 4. Expected path length (njr), given that a photon emerges at
a point separated by r scattering lengths from the point of incidence:
(a) (nlr) vs r; (b) normalized values, (njr)/(nr), vs r, where (nr).
are values expected when L - (a homogeneous semi-infinite
medium with the absorptive properties of the top layer). Condi-

tions are identical to those stated in the caption of Fig. 2.
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Fig. 5. Expected value of the depth (zlr) probed by photons emerg-
ing at r. Conditions are as described in Fig. 2 caption.

0.01, AL2 = 0.20. Surface emission profiles for this case
are shown in Fig. 6. In accordance with our intuition,
the profiles corresponding to a surface layer of vanish-
ing thickness decay more rapidly, as a function of r,
than those for a medium with an overlaying region of
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Fig. 6. LogGr vs r. The top layer absorption coefficient here is
much smaller than that of the lower region (ul = 0.01, 2 = 0.2).
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Fig. 7. Absorption profiles, logA(z), vs z for the same conditions as
shown in Fig. 6.

low absorption. However, it is somewhat surprising
that, in contrast with the results in Fig. 2, the slope
associated with the large r decay seems to change con-
tinuously with layer thickness L. Thus it would be
difficult to extract information about the two regions
unless, perhaps, the absorbance of one of the regions
were known. Additionally, we note the absence of any
sharply delineated breakpoints in logGr from which
the thickness of the top layer can be ascertained. If
properly calibrated, however, the slope of the large r
decay might provide such information.

The absorption profiles, determined as a function of
depth, also lack surprising features. In Fig. 7 we show
logA(z) vs z and note that the curves corresponding to
different L are parallel, being displaced from one an-
other by a factor proportional to the thickness of the
upper, low absorbance, layer. The only unusual fea-
ture occurs at the boundary between the two layers,
where a discontinuity in the number of absorbed pho-
tons is observed. This attribute reflects the fact that
the number of absorbed photons is proportional to
both the absorption coefficient and the flux; although
the flux at the boundary is continuous, the absorption
coefficients are discontinuous and cause a jump in an
absorption profile. However, other than this, the
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Fig. 8. (a) Expected path length, (nir) vs r. Conditions identical
to those of Fig. 6. (b) Same as (a), except the abscissa is expanded.

curves shown in Fig. 7 have a simple interpretation,
namely, that the top layer acts as a low absorption
screen that decreases the flux arriving at the top of the
lower layer, whence normal absorption subsequently
occurs. In other words, the absorption in the lower
layer can be estimated simply by decreasing the flux by
an exponential factor whose argument is proportional
to the product of the absorbance and the thickness of
the upper layer.

The expected number of steps in a migration path
(nir) given that a photon is reemitted at r and the
average depth probed by those photons (zir) similarly
lack any dramatic characteristics. In Fig. 8(a) we
show (nir). Note that the slopes of the curves at large
r lie between the limiting values given by results for
uniform media of either high or low absorbance, the
value for the layered media changing continuously
with layer thickness. However, the behavior for small
r [Fig. 8(b)] indicates that, if the top layer is sufficient-
ly thick, the average number of lattice collisions expe-
rienced by reemitted photons is approximately that of
photons moving in material of uniform low absor-
bance, provided that r < 0.6£. In Fig. 9 we show (zlr).
The seemingly anomalous position of the curve for
L = 0 (corresponding to a homogeneous medium with

= Y2) reflects the fact that reemitted photons mostly
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Fig. 6.

move in the upper layer if the absorbance of that layer
is much lower than that of the base. Although photons
seemingly probe deeper into a uniform medium of high
absorbance, fewer will escape from the surface.

Before concluding this section we remark that, by
setting the absorbance of the bottom layer to a very
large value, it is possible to mimic a thin tissue where
the photons that pass through the upper layer are lost
forever. This condition is approached, for example, in
photoradiation treatment of metastatic ovarian cancer
cells lying on top of highly absorbing spleen or liver
tissue. An analogous situation arises when the underly-
ing layer has a very long characteristic scattering
length (as in free space). In this case, even if absorp-
tion is negligible, the lower layer cannot efficiently
reflect photons back into the upper layer. Illumina-
tion of the wall of an inflated bladder within the perito-
neal cavity might be modeled in this manner.

B. Layers of Similar Absorbance

1. Surface Emission Profiles
In almost all biological tissues, differences in ab-

sorption of different layers are due to small variations
in the concentrations of ubiquitous chromophores.
Thus the absorptions of different layers usually are
similar, even if the tissue shows visible heterogeneity.
For example, the marked yellow color of fatty athero-
ma, compared to a normal artery, results from only an
approximately twofold difference in blue light absorp-
tion coefficients." Another example where adjacent
tissues might have slight, but discernible, differences
in absorption is one in which tumors are present. In-
deed, the detection of underlying tumors might be
possible because of an increase in absorption arising
from the hemoglobin in blood within such highly vas-
cularized and hemorrhagic tissues.

In Fig. 10 we show the emission profiles logGr for the
cases (a) Ali = 0.1, 12 = 0.05 and (b) = 0.05, A12 = 0.1.
These values are typical of those for real biological
tissues.11-13 We infer from the computed data that it
may be very difficult to discern the presence of a het-
erogeneous structure by cursory examination of the
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40 50

Fig. 10. Surface emission profiles, logGr vs r, for media with layers
having similar absorbance: (a) yl = 0.1, j2 = 0.05; (b) /il = 0.05,

/U2 = 0.1.

gross features of the emission profile. Yet some suc-
cess might be realized in this regard if the absorbance
of the top layer is greater than that of the bottom. In
such cases [see Fig. 19(a)], sharp changes in slope
should be observable in the curves of logGr if data can
be acquired at sufficiently large r. The presence of
such sharp breaks will be a general characteristic of
overlying layers of higher absorbance, provided that
the data are free of noise. Similar features are seen in
Fig. 2(a) ( = 0.2, /12 = 0.01), but, in that case of
disparate absorptions, they are much more prominent.
Also, as noted before in Fig. 6, when the top layer is less
absorbing, the surface emission profiles seem to be
smoother [see Fig. 10(b)]. The absorption profiles
A(z) and the curves of average migration (path) length
(nir) also have the same general appearance as those
for the disparate layers case, except that the distin-
guishing features are less evident.

2. Average Depth of an Emitted Photon
In Fig. 11 we present results of calculations of the

average depth (zlr), conditional on photon reemission
within the rth ring. We again observe that the pres-
ence of a more highly absorbing layer strongly affects
the depth probed by the photons that are reemitted at
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Fig. 11. Average depth (zlr) probed by emergent photons. Condi-
tions are the same as in Figs. 10(a) and (b). The thick solid lines
correspond to the situation where the entire medium has absorption
,u = 0.1; dotted lines correspond to the situation where the entire

medium has absorption = 0.05.
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larger r (see Figs. 5 and 9). The thick solid lines in
Figs. 11 correspond to a situation where the entire
medium is composed of the more highly absorbing
material, and the dotted lines correspond to a uniform
medium of lower absorbance. By comparing the re-
sults shown in Fig. 11(a) with those in Fig. 11(b), we
note that if the higher absorbance material underlies
the lower (1 < 2), the average depth probed by re-
emitted photons is less than that which would occur in
a homogeneous medium consisting of the material of
the top layer. In contrast, if the higher absorbance
material constitutes the surface layer (l > A12), the
depth that is probed increases by an amount propor-
tional to the thickness of the upper layer. For photons
detected at sufficiently large r, the additional depth is
approximately equal to a fraction of the surface layer,
where the fraction varies from 0 to 1 as /11//12 varies
from 1 to a large value.

Of course, essentially only the properties of the top
layer are probed if the reemitted photons are detected
close to the point of insertion. A rough estimate of the
maximum value of r at which the reemitted photons
primarily probe the surface can be obtained from Fig.

Fig. 13. rmax vs L. Data obtained from extrapolations of surface
emission curves, logGr, 0, and curves of [(nlr)/(nlr).- 1], ,

compared with data for (zir) shown in Fig. 12, *.

11 by extrapolating to the points where the curves for
finite layer thickness superimpose on the curve for
infinite thickness. Results are shown in Fig. 12, not
only for the cases considered above but also for several
other combinations of absorption coefficients. These
estimates of rmax are consistent with estimates ob-
tained from other quantities that we have calculated.
For example, in Fig. 13 we show (for /11 = 0.2, /12 = 0.01)
the values of rmax obtained by determining where the
surface emission profiles differ by 5% (i.e., logG(ri£)/
G(rl£ = 0) = log 1.05 = 0.0212). The values are close
to those given in Fig. 12 and agree also with estimates
of rmax obtained by setting I(nlr)/(nr). - 11 = 0.05
[see Figs. 2(b) and 4(b)].

IV. Remarks

The methodology of exact enumeration provides a
means to test accurately, with greater precision than
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Fig.14. Comparison between theoretical value of decay rate of A(z)
in homogeneous media (6Am)1

1
2 , as given by the theory developed in

Ref. 1, and the rate obtained from direct enumeration of probability
densities, as described in Sec. II. Solid line, theoretical value;

dotted line, numerical computation.

by our earlier Monte Carlo simulations,1 several of the
mathematical expressions that we previously derived.
For the most part, our earlier analytical work has been
substantiated. However, an interesting point that
now seems to be established by these calculations,
particularly results shown in Figs. 5, 9, and 11, is that
the power law dependence of (zir) on r is given as (ir)
-r 112.10 Another mathematical point that can be clar-
ified is whether the depth profile for homogeneous
absorption A(z) truly is given by the expression A(z)
exp[-z(6/1)1/2], even if the absorption coefficient is
very large. In the latter case the flux would decrease
rapidly near the surface, and the mixing of lattice and
continuum models, as done in Ref. 1, might not be
appropriate. Indeed, as shown in Fig. 14, when 
exceeds a value of -3, the errors in the decay rate
exceed 10%.

As pointed out in Sec. I, we have ignored anisotropic
scattering. We previously argued' that the artifice of
isotropic scattering, such as is used here, is equivalent
to redefining the mean scattering length. By asserting
that the scattering angle distribution is uniform, we
implicitly set the scattering length to be the rms dis-
tance (number of steps) that a photon travels before it
turns on average through an angle of 90° with respect
to its incident direction. We have performed a limited
number of Monte Carlo simulations for homogeneous
media whose scattering is spatially anisotropic and
indeed have found that the results can be scaled to
mimic those of isotropic media.10 If necessary, the
computational scheme used here could be extended to
account for unequal scattering angle probabilities by
increasing the size of probability density matrices to
provide a memory of preceding steps. Another factor
not accounted for is the possible difference in scatter-
ing length in the different layers. This too presum-
ably could be taken into account by modifying the
transition matrices for probability densities.

Our present results indicate that, when an underly-
ing tissue layer has a lower absorption than the upper

layer, photons reemitted sufficiently far from the point
of insertion most likely will have moved primarily
within the underlying layer. Thus the optical charac-
teristics of the lower tissue layer can be evaluated by
examining surface emission at values of p greater than
£, where £ is the thickness of the superficial layer.
Unless obscured by noise, a discontinuity in the diffuse
surface emission will be observed, and the optical
properties of the lower layer can be ascertained with
good precision. In contrast, when the lower layer is
more highly absorbing than the superficial layer, the
uncovering of detailed information about the lower
layer is more problematic. In this case the discontinu-
ity in tissue properties causes an increased loss of
deeper photon trajectories, and photons that emerge at
larger p predominantly sample the interface between
the two layers. Consequently, the reemission profile
at large p depends in a complicated way on optical
characteristics of both homogeneous layers, with the
consequence that the optical identity of the lower layer
may remain ambiguous.

In both cases, one might have to measure emission
profiles in a region of p where the intensities are very
weak compared with those near the point of photon
insertion. Alternatively, by using multiple wave-
lengths for which the absorption coefficients vary in
different fashions, it might be possible to discern dif-
ferences in the emission profiles at smaller p that con-
tain significant information. In either case it might be
necessary to design special instrumentation to achieve
the necessary range and sensitivity, but, as suggested
by these calculations, such an effort could be very
rewarding. Concomitant theoretical analysis is re-
quired, however, whenever remote sensing of biologi-
cal tissue is undertaken in which the mean depth sam-
pled is greater than the thickness of a homogeneous
layer.

S. Havlin gratefully acknowledges support from the
USA-Israel Binational Science Foundation.
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