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P H Y S I C S

Unveiling the importance of nonshortest paths in 
quantum networks
Xinqi Hu1†, Gaogao Dong1,2*†, Kim Christensen3*†, Hanlin Sun4, Jingfang Fan5, Zihao Tian6,  
Jianxi Gao7,8, Shlomo Havlin9, Renaud Lambiotte1,10,11*†, Xiangyi Meng7,12*†

Quantum networks (QNs) exhibit stronger connectivity than predicted by classical percolation, yet the origin of 
this phenomenon remains unexplored. We apply a statistical physics model—concurrence percolation—to un-
cover the origin of stronger connectivity on hierarchical scale-free networks, the (U,V) flowers. These networks 
allow full analytical control over path connectivity through two adjustable path-length parameters, U ≤ V. This 
precise control enables us to determine critical exponents well beyond current simulation limits, revealing that 
classical and concurrence percolations, while both satisfying the hyperscaling relation, fall into distinct universal-
ity classes. This distinction arises from how they “superpose” parallel, nonshortest path contributions into overall 
connectivity. Concurrence percolation, unlike its classical counterpart, is sensitive to nonshortest paths and shows 
higher resilience to detours as these paths lengthen. This enhanced resilience is also observed in real-world hier-
archical, scale-free internet networks. Our findings highlight a crucial principle for QN design: When nonshortest 
paths are abundant, they notably enhance QN connectivity beyond what is achievable with classical percolation.

INTRODUCTION
The emerging prospect of quantum internet (1) is driving the field of 
quantum computation and communication to explore larger and 
more complex scales, entering the realms of statistical physics (2) 
and network science (3). This promising potential of quantum com-
munication relies on the ability of transmitting quantum resources—
most notably, entanglement (4)—across vast distances. Entanglement 
is fundamental in various quantum information tasks, including 
distributed quantum computation (5), where qubits act as entangled 
remote proxies via quantum teleportation (6), and unbreakable quan-
tum secret sharing (7), which leverages the no-cloning principle (8). 
However, in practical scenarios, real-world entanglement is often 
imperfect and susceptible to noise, which poses substantial chal-
lenges for long-distance transmission (9). To investigate how imperfect 
entanglement behaves across complex network topologies, a quan-
tum network (QN) model (10) has been introduced. In the QN 
model, each link represents an identical, partially entangled state 
∣ψ(θ)⟩ = cosθ ∣00⟩ + sinθ ∣11⟩, shared between two qubits that are 
situated at the nodes associated with the link (Fig. 1). The parameter 
θ ∈

[
0, π∕4

]
 serves as a “link weight” that quantifies the degree of 

entanglement. Specifically, θ = π∕4 signifies a maximally entangled 
state, while θ = 0 indicates zero entanglement. This homogeneous, 
pure-state QN maps onto a classical percolation problem (10), 
where each link can use certain quantum operations as a sort of 
“gambling” to enhance its level of entanglement, allowing a proba-
bility p ≡ 2sin2θ ∈ [0, 1] of becoming perfectly entangled and 1 − p 
of losing all entanglement (10). Within this percolation analogy, 
entanglement transmission between two distant nodes—say, Alice 
(A) and Bob (B)—translates to the probability of having a path com-
prising only maximally entangled links between A and B. The presence 
of such a path further ensures that infinite-distance entanglement 
can be established between A and B (11), marking a successful event 
of entanglement transmission.

In the thermodynamic limit (i.e., when the number of nodes 
N → ∞), classical percolation exhibits a critical threshold pth (12, 
13). It implies that if θ < sin−1

√
pth ∕2, no entanglement transmis-

sion can happen between A and B when their distance tends to in-
finity. This is, however, not the case in the QN. Here, a more effective 
mapping from QN to a percolation-like statistical theory of concur-
rence percolation has been found (11). This mapping, while referred 
to as percolation, is based on a different framework that moves away 
from the conventional cluster-based concepts such as cluster-size 
distribution. Instead, it is grounded in Kesten’s original treatment of 
classical percolation, which focuses on paths (14). Within its path-
based framework, both classical and concurrence “quantum” per-
colating connectivity can be understood as a “superposition” of the 
contributions of all possible paths connecting nodes A and B. In 
classical percolation, the overall probability of connection of A and 
B can be computed through each individual path, contingent upon 
the parameter p = 2sin2θ ∈ [0, 1]. The superposition can be simpli-
fied into connectivity rules, such as the series and parallel rules (Fig. 
1A). Similarly, in concurrence percolation, a distinct parameter c de-
noting concurrence, a conventional measure of entanglement, can be 
defined via θ in the QN, c ≡ sin2θ ∈ [0, 1]. The superposition of con-
currence paths adheres to a distinct set of connectivity rules (Fig. 1C). 
Concurrence percolation also reveals a critical threshold cth, which, 
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in terms of θ, is always lower than pth: 
�
sin−1cth

�
∕2 ≤ sin−1

√
pth ∕2 

(15), indicating that QNs have a stronger connectivity than classical 
percolation predicts.

A challenging and fundamental question thus arises. What is the 
origin of this stronger connectivity, from a statistical physics per-
spective? It is conceivable that concurrence percolation might simply 
be a variant of classical percolation (albeit under a different set of vari-
ables), thereby belonging to the same universality class. Alterna-
tively, concurrence percolation could represent a fundamentally 
distinct phenomenon from classical percolation, characterized by 
distinct critical exponents. Previous research, unfortunately, has 
been unable to identify the universality class of concurrence percola-
tion due to computational constraints (16). Gaining a deeper in-
sight into the nature of this stronger concurrence connectivity could 
shed light on QN design from first principles, as explored through 
the lens of network science.

This study examines the critical phenomena of concurrence per-
colation in networks with hierarchical and scale-free structures 
(17, 18), which are typical characteristics of many real-world net-
works, including the internet (19), transportation networks (20), 
and brain networks (21, 22). First, we exactly determine the critical 
exponents for a family of hierarchical scale-free network models 
known as the (U ,V) flowers (23, 24), which are characterized by two 
distinct network length scales, U ≤ V . The (U ,V) flowers provide a 
simple model for studying the influence of varying length scales 
through both analytical and numerical methods. Our analysis firm-
ly shows that concurrence quantum percolation belongs to a univer-
sality class distinct from that of classical percolation.

We highlight that this separation of universality classes is rooted 
in how the two percolation problems respond to an increase in the 
longer length scale, V , controlling the lengths of nonshortest paths. 
When V → ∞, we find that the classical percolation critical expo-
nents become decoupled from V , depending only on the shorter 
length scale U. In contrast, the concurrence percolation critical ex-
ponents depend on both U and V . This distinction extends to the 
behavior of critical thresholds: While both pth and cth tend toward 

unity as V → ∞, the concurrence threshold cth has a slower rate of 
approach. This implies a higher resilience (25–27) of concurrence 
connectivity against increase of V , a phenomenon we also observe 
in real-world network topology. Our findings emphasize the role of 
nonshortest paths in QN: Despite the exponential decay of entangle-
ment along longer paths, these paths cannot be ignored in concur-
rence percolation. If abundant, nonshortest paths still contribute 
notably to QN connectivity. In practice, this principle suggests that 
an effective design of QN should move beyond focusing solely on 
the shortest paths to strategic incorporation of longer paths as well. 
This view may open up opportunities to explore advanced quantum 
communication technologies, such as path routing (28) and net-
work coding (29), in a synergistic manner. By highlighting the role 
of nonshortest paths, this work provides insight into the fundamental 
mechanism driving the superior performance of QNs and offers 
guidance for designing robust QNs.

RESULTS
Critical exponents and hyperscaling
We begin by focusing on (U ,V) flowers (23), a canonical example of 
hierarchical, scale-free networks. In a (U ,V) flower, the (n+1)th 
generation is built by replacing each existing link in the nth genera-
tion by a basic motif, formed by a shorter path with U links and a 
longer path with V  links between two nodes (Fig. 2). The two scales 
U and V  determine different network characteristics: while the 
shorter length scale U governs the unique shortest path length

between nodes A and B, which is asymptotically the same as the di-
ameter of the network (24), the longer length scale V  controls the 
lengths of all other nonshortest paths, thereby controlling the fractal 
dimension of the network

L = Un (1)

d = lim
n→∞

lnN

lnL
=

ln(U +V )

lnU
(2)

A Classical percolation B Quantum network QN C Concurrence percolation

A B A B A B

A B A B A B

Fig. 1. Percolation mappings of a quantum network (QN). (A to C) In a QN, a node comprises several qubits, each entangled with those in other nodes, and a link sym-
bolizes a partially entangled bipartite state ∣ψ(θ) ⟩ shared between two nodes. Entanglement transmission across QN can be understood based on two distinct statistical 
physics mappings: (A) classical percolation (blue) versus (C) concurrence quantum percolation (red). Each mapping is based on its own set of series and parallel path 
connectivity rules which dictate the superposition of multiple path connectivities (55) to determine the total percolation connectivity between two distant nodes, say, 
Alice (node A) and Bob (node B).
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where N ∼ (U +V )n is the number of nodes in the network (24). We 
find that the (U ,V) flower is not hyperbolic except in the case of 
U = 1 (section S1). Hyperbolic networks, known for their distinctive 
critical phenomena such as Berezinskii-Kosterlitz-Thouless–type 
transitions and discontinuous percolation behaviors (30–36), are 
beyond the scope of this study. Therefore, we exclude U = 1 from 
our analysis and only consider 1 < U ≤ V .

An interesting feature of (U ,V) flowers is that they are series-
parallel networks (37). Consequently, they allow for an analytical 
calculation of the sponge-crossing probability in classical percola-
tion (14, 38), PSC [a.k.a. the spanning probability Π∞

(
p; L

)
 in bound-

ary conformal field theories (39)]. For (U ,V) flowers, PSC denotes 
the probability of connection between the two boundary nodes A 
and B. Specifically, PSC can be calculated through iteratively apply-
ing an exact renormalization group (RG) function that is constructed 
from series and parallel rules (Fig. 1A)

Equation 3 allows us to derive the nth generation PSC by nesting 

 a total of n times, given by PSC =

n

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞

(((… (p)))). The critical 
threshold pth can be determined by finding the nontrivial fixed 
point p∗ that satisfies the RG fixed point equation, 

(
p∗
)
= p∗.

Similarly, the sponge-crossing concurrence CSC and the concur-
rence threshold cth (hereafter referred to as quantum results) can be 
calculated by replacing PSC by CSC in Eq. 3 and the corresponding 
classical series/parallel rules to their quantum counterparts (Fig. 
1C). For example, in a (2, 2) flower, for concurrence percolation, we 
find cth = 0.759 …, or θ ≈ 0.549π∕4, while for classical percolation, 
pth =

�√
5−1

�
∕2 ≈ 0.618 (24), corresponding to θ ≈ 0.750π∕4 

(Fig. 3C). This is an explicit example showing that the quantum 
threshold is lower than the classical one (11). Furthermore, we show 
that the critical threshold is unique for both classical and quantum 
percolation (section S2), indicative of an ordinary second-order con-
tinuous phase transition.

Near criticality, the thermal exponent ν characterizes the diver-
gence of the correlation length as one approaches the critical thresh-
old. We can obtain an exact expression for ν by evaluating [40]

where U corresponds to the length scale that is associated with the 
network diameter (see Eq. 1). Compared to the established classical 
value of ν = 1.635 … (24), we find a quantum value of ν = 1.352 …. 
These exact values are numerically verified by finite-size scaling 
analysis: Assuming that the finite-size critical threshold pth(L) devi-
ates from the true threshold pth by ∣pth(L) − pth ∣ ∼ L−1∕ν, we find 
ν ≈ 1.63528(1) for classical percolation and ν ≈ 1.3530(1) for quan-
tum percolation on both sides of the critical threshold of the (2, 2) 
flower (Fig. 3, A, B, D, and E).

In the traditional study of classical percolation, not only does the 
length scale but the cluster size distribution shows critical behaviors 
as well. Notably, the emergence of a unique infinite percolating clus-
ter when p > pth leads to a scaling behavior P∞ ∼

(
p−pth

)β for 
p→ p+

th
, where the percolating strength P∞ = Ng ∕N represents the 

ratio of the percolating cluster’s relative size Ng to the total network 
size N, that is, the probability that a randomly chosen node belongs 
to the percolating cluster (40). This cluster-based concept of P∞ has 
not been translated into the quantum counterpart, which relies on 
path connectivity rules and lacks a notion of “clusters.” Nevertheless, 
we notice that P∞ can be alternatively considered as the probability 
of a randomly chosen node in the bulk to reach the boundaries of 
the network (24). This consideration allows us to redefine P∞, and 
crucially C∞, in terms of path connectivity from a randomly chosen 
node (which must be averaged across all nodes) to the boundaries 
(which are assumed to exist). For the (U ,V) flowers, the boundaries 
are represented by A and B. The construction is detailed in sections 
S3 and S4.

Using this alternative definition of P∞, we find an exponent 
β ≈ 0.168829(3) for classical percolation (Fig. 3G), closely matching 
the exact cluster-defined value, β = 0.165 … on (2, 2) flowers (24). 
The numerical results do not agree exactly with the theoretical value 
because computing P∞ requires higher-order path connectivity rules 
that extend beyond the basic series and parallel rules. We approxi-
mate these higher-order rules using only the series/parallel rules 
through a technique known as the star-mesh transform (11, 41), 
which yields results that are close, but not exact (section S6). In the 


(
p
)
=para(seri(

U

⏞⏞⏞⏞⏞⏞⏞
p, p, … , p ), seri(

V

⏞⏞⏞⏞⏞⏞⏞
p, p, … , p )) (3)

�
(
p
)

�p

|||||p=pth
=U

1∕ν
⇒ ν=

lnU

ln

[
�(p)
�p

||||p=pth

]
(4)

A B C

Fig. 2. (U,V) flowers as hierarchical scale-free networks. The (U, V) flower is a self-similar network, constructed by iteratively replacing each link with a motif comprising 
two nodes connected by two parallel paths with lengths U ≤ V , respectively. The nth generation (U, V) flower can be fully decomposed into 2n nonoverlapping paths be-
tween nodes A and B, with varying lengths {Un ,Un−1V , … , Vn} and corresponding count of paths {C0

n
,C1

n
, … ,Cn

n
}, where Ck

n
=

n !

k ! (n−k) !
. The example shows U = 2 and 

V = 3 for (A) n = 1, (B) n = 2, and (C) n = 3. In (C), the eight nonoverlapping paths between A and B are indicated with different colors.
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quantum domain, we observe β ≈ 0.076(5) (Fig. 3F), markedly dis-
tinct and smaller than its classical counterpart, suggesting an almost 
discontinuous transition that is comparable to explosive percolation 
[β ≈ 0.0555(1)] (42, 43).

Another critical exponent, df , defines the fractal dimension of 
the percolating cluster at the critical threshold, with Ng ∼ Ldf . Again, 
lacking a cluster notion, Ng = NP∞ must be redefined through P∞ 
at the critical threshold. We find df ≈ 1.89675835(5) (Fig. 3J) in 
the classical scenario, very close to the cluster-defined value 
df = 1.899 … (24). In contrast, we find that the quantum scenario 
shows df ≈ 1.9434305(5) (Fig. 3I).

The three path-defined critical exponents still adhere to the 
hyperscaling relation, df = d − β∕ν (44), in both classical and con-
currence percolation (section S5), implying a consistent path- 
connectivity framework across different percolation theories. As an 
example, a summary of the critical exponents for the (2, 2) flower is 
shown in Table 1. Critical exponents of a general (U ,V) flower can 

be obtained via the same approach (section S6). See details in Table 
2 for results in the V → ∞ limit and section S6.

Note that all length scales are established in the chemical-distance 
(“time”) space (23), thus differing from traditional Euclidean length 
scales ξ by an additional exponent z, related by L ∼ ξz. In other 
words, our values of d, df , and ν correspond to d∕z, df ∕z, and zν in 
the Euclidean scale (45).

Asymptotic dependence on the longer length scale
To investigate the impact of the longer length scale V  and the shorter 
length scale U on the two percolation theories, we derive the asymp-
totic behaviors of both critical thresholds pth and cth in the V → ∞ 
limit using constant U > 1 and observe the simulation values of per-
colation critical exponent for finite U when V  increases (section S6), 
finding that for classical percolation

pth ≃ 1 −
(
ln

U

U −1

)
V−1 + O

(
V−2

)
(5)

F G

I J

H

A B

C

D E

Fig. 3. Critical phenomena on (U ,V) flowers. (A and B) Scaling of critical exponent ν in quantum (red) and classical (blue) mappings above the thresholds, where cth(L) 
and pth(L) are solved at CSC = 0.8 and PSC = 0.8, respectively, and n = 1, 2, … , 13. (C) Classical and concurrence sponge-crossing percolation of generation n = 2,4,6,8 on 
(2, 2) flowers. The dashed vertical lines are at the critical thresholds. (D and E) Scaling of ν in quantum and classical mappings below the thresholds, where cth(L) and pth(L) 
are solved at CSC = 0.4 and PSC = 0.4, respectively and n = 1, 2, … , 13. (F and G) Scaling of classical and quantum critical exponent β. (H) Percolating strengths P∞ and C∞ 
on (2, 2) flowers for n = 150. (I and J) Scaling of “percolating cluster” Ng = NP∞ ∝ Ldf (classical) and Ng = NC∞ ∝ Ldf (quantum) with network diameter L. The cross symbols 
are the percolation value at the critical threshold for n = 20, 21, … , 37.
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and, for concurrence percolation

The origin of the V−1 term is due to the fact that as V → ∞, loops 
within the (U ,V) flower extend to infinite lengths, and the network 
essentially becomes tree-like (46). This suggests that nodes A and B 
are connected by only a single path. As a result, both thresholds ap-
proach 1 when V → ∞. However, for classical percolation, the pref-
actor of V−1 depends solely on U, signaling the significant role the 
shortest paths play in classical percolation near the critical thresh-
old. In contrast, concurrence percolation shows a unique behavior. 
The presence of a logarithmic prefactor (1∕4)lnV  highlights the 
importance of the nonshortest paths in concurrence percolation. 
Moreover, this term is fully decoupled from U, suggesting that the 
shorter length scale no longer plays a determining role in cth. For 
different U = 2,5,10, on the one hand, the simulation results show 
the same conclusion as above. On the other hand, the analysis pro-
duces different constant limits for the classical case and different 
speed of going to zero for quantum case, exhibiting the necessity of 
the existence of shortest path U (section S6).

Our finding can also be illustrated as follows. At the percolation 
thresholds, the sponge-crossing connectivity along the longer path 
is given by pV

th
≃ (U −1)∕U  and cV

th
≃ V−1∕4, respectively, when 

V → ∞ (section S6). In other words, for concurrence percolation, 
longer path connectivity tends to drop to zero (cV

th
→ 0) at the edge 

of dismantlement (c = cth), indicating that longer path connectivity 
must be exhausted as the network disintegrates in terms of concur-
rence. This contrasts with classical percolation, where the longer 
path connectivity is a nonzero constant (pV

th
↛ 0) at the edge of dis-

mantlement (p = pth), meaning that the network can dismantle be-
fore longer paths connectivity are exhausted. Hence, the nonshortest 
paths play no role in the critical behavior of classical percolation.

The asymptotic behaviors of the critical exponents are also differ-
ent. We analytically determine ν and df  directly from the solution of 
PSC and P∞ (cf. CSC and C∞), and β from the hyperscaling relation 
df = d − β∕ν. The results are summarized in Table 2 in the limit 
V → ∞. We find that in classical percolation, all dominant terms 
governing ν, d − df , and β are determined by U only, once again sig-
naling the dominance of the shorter paths. In contrast, in concur-
rence percolation, we notice the emergence of a very slow correction 
depending on the nonshortest paths (∼ lnlnV) affecting the domi-
nant terms in ν and df  (section S6). The corrections counterbalance 
each other in the calculation of β, resulting in a constant β = 1 that is 
independent on both U and V . Unexpectedly, this value coincides 
with the mean-field value of β for classical percolation (45). Because 
β is intrinsically tied to the definition of an order parameter, we hy-
pothesize that this unique, constant value of β reveals an entirely 
distinct symmetry associated with the order parameter in concur-
rence percolation on (U ,V) flowers.

Superposition of paths in real-world networks
To demonstrate the generality of the results obtained on (U ,V) flow-
ers, we investigate the role of shortest and nonshortest paths in clas-
sical and quantum percolation in real networks. Specifically, we use 
path decomposition to systematically assess the contributions of 
shortest and nonshortest paths to overall network connectivity. It is 
worth noting that an nth generation (U ,V) flower can be fully de-
composed into 2n nonoverlapping but intersecting paths between 
two boundary nodes A and B (Fig. 2C). In the language of graph 
theory, these paths are edge-disjoint, but not vertex-disjoint. Spe-
cifically, each of these paths can have a length that is given by one 
of the options {Un,Un−1V , … ,Vn}. The number of paths cor-
responding to length Un−kVk is determined by the binomial coef-
ficient Ck

n
≡

n !

k ! (n−k) !
.

cth ≃ 1 −
(
1

4
lnV

)
V−1 + O

(
V−1lnlnV

)
(6)

Table 1. Numerical critical exponents for U = V = 2. d, network dimension; ν, characterizing divergence of the correlation length when p → p±
th

 (c → c±
th

); df , 
scaling of the percolating cluster size Ng = NP∞ (NC∞) with system size N at p = pth (c = cth); β, characterizing symmetry breaking of the percolating strength P∞ 
(C∞) when p → p+

th
 (c → c+

th
); d − df − β∕ν, equal to zero when the hyperscaling relation is satisfied. Numbers in parentheses represent standard errors.

Classical percolation Concurrence quantum percolation

  d   2 2

  ν   1.63528(1) 1.3530(1)

  d
f
   1.89675835(5) 1.9434305(5)

  β   0.168829(3) 0.076(5)

  d − d
f
− β∕ν   3 × 10−9 

(
2×10−6

)
4 × 10−4 

(
4×10−3

)

Table 2. Critical exponents in the V→∞ limit. Analytical and numerical asymptotic analyses are provided in section S6.

Classical [∼ f (U) + O
(

V
−1
)

] Quantum [∼ g(U,V)]

  ν     lnU

ln

[
1+(U−1)ln

U

U−1

] + O
(
V−1

)
     lnU

lnlnV
+ O

[
lnlnlnV

(lnlnV )2

]
   

  d − d
f
   

  
lnU − ln

[
(1−U)+2∕

(
ln

U

U−1

)]

lnU
+ O

(
V−1

)
     lnlnV

lnU
+ O

(
lnlnV

lnV

)
   

  β   
  
lnU − ln

[
(1−U)+2∕

(
ln

U

U−1

)]

ln

[
1+(U−1)ln

U

U−1

] + O
(
V−1

)
     1 + O

(
lnlnlnV

lnlnV

)
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The exact decomposition goes as follows. Initially, in the first 
generation, there are only two nonoverlapping paths between A and 
B, characterized by lengths U  and V . Progressing to the second gen-
eration, each link from the previous generation is systematically 
replaced by the basic motif, necessitating a decision for each link 
within a previous path: to replace it by either a U-length path or a V- 
length path. Consequently, there are two nonoverlapping options: 
replacing all links entirely by U-length paths, or entirely by V-length 
paths. This bifurcation results in each earlier generation’s path split-
ting into two distinct paths. Thus, as a shorthand, each path can be 
encoded as a string of n characters (e.g., “UVVUUV...”), each desig-
nated as “U” or “V.” This string reflects the sequence of choices 
made at each generation, with U for choosing U-length paths and V 
for V-length paths. Each nonoverlapping path can be uniquely iden-
tified by such a string. The corresponding path length is Un−kVk, 
with k = 0, 1, … , n, representing the count of V’s in the string. For 
each possible length, there are Ck

n
 such choices, which scale as 

Ck
n
≃ (2πk)−1∕2ekk−knk for k ≪ n, k → ∞, suggesting that nonshort-

est paths are exponentially more abundant.
The path decomposition is applicable to real networks with more 

general topologies. Specifically, given a real-world network, we se-
lect two nodes A and B and the nonoverlapping (but potentially in-
tersecting) paths between them. These paths are ranked by their 
lengths and sequentially placed into different groups, labeled by 
k = 0,1,2,…, such that each successive group encompasses an expo-
nentially larger number of longer paths (Fig. 4A).

We now consider the impact of detouring in the real-world net-
work due to damages or congestion. Given that longer paths are 
more likely to be rerouted, we assume that the paths in group k in-
crease their lengths by a factor of qk, where q ≥ 1 is a parameter that 
controls the extent of detouring. Meanwhile, the number of paths 
remains constant (Fig. 4B). To investigate the network’s resilience to 
detouring given the parameter q, we rewrite both pth and cth in terms 
of θ(p)

th
 and θ(c)

th
, expressed as

where q−1 is a common factor, as we expect Ax

(
q
)
q−1 → 0 when 

q → ∞ for both classical (x = p) and concurrence (x = c) percola-
tion. We thus define Ax

(
q
)
≡ q

[
θ
(x)

th
(∞)−θ

(x)

th

(
q
)]

 as the anomalous 

resilience factor, measuring the resilience of θ(x)
th

(
q
)
 against ap-

proaching the trivial threshold, θ(x)
th
(∞). Note that, since q0 ≪ qk 

for k > 0 in the q → ∞ limit, θ(x)
th
(∞) will rely solely on the short-

est path (k = 0).
While large-scale QNs are urgently needed, they are still in early 

stages, hindered by technological challenges in creating quantum 
memories (47, 48). We here focus on existing internet networks, as-
suming QNs can follow the same topology. Recent experiments 
transmitting entanglement alongside classical signals via internet 
fibers confirm this potential (49, 50). Here, we analyze a segment of 
the real-world internet at the autonomous-system level (19), repre-
senting data forwarding relationships among administrative entities 
or domains (section S7). Given two hub nodes and their nonover-
lapping paths, detouring requires replacing each path in group k 
with a rerouted path from the same internet that is qk longer. We 
determined Ax

(
q
)
 for x = p, c for various q (Fig. 4C).

For comparison, we also considered the (U ,V) flower (Fig. 4D), 
where each path is lengthened by a factor of qk, yielding new path 
lengths of {Un, qUn−1

V , … , qnVn}={Un,
(
qV

)
Un−1, … ,

(
qV

)n
}, 

suggesting that V simply adjusts to qV. This suggests that the effect of 
lengthening the paths in the (U ,V) flower can be achieved by simply 
adjusting the V  parameter to qV. Therefore, rearranging Eqs. 5 and 
6 leads to the theoretical predictions of the anomalous resilience fac-
tors for the (U ,V) flower, Ap

(
q
)
≃ ln

[
U∕(U −1)

]
∕2 = O

(
q0
)
, versus 

Ac

�
q
�
≃ V 1∕2

√
qlnq∕8. The similarity of the dependencies of Ax

(
q
)
 

on q between the internet and the (U ,V) flower highlights a shared 
quantum characteristic: the faster increase of Ax

(
q
)
 for x = c, 

which indicates a higher resilience of concurrence connectivity. Our 
observation indicates the presence of such resilience in general network 
topologies, characterized by nonoverlapping but intersecting paths.

The distinct universality classes of classical and quantum perco-
lation on (U ,V) flowers, driven by their differing dependencies on 
nonshortest paths, suggest that these findings are broadly applicable 
to other network types, including real-world networks with com-
plex connectivity patterns.

Note that given the very slow corrections ∼lnlnV  in the quantum 
critical exponents (Table 2), this extreme effect becomes observable 
only for a very large length scale, exceeding the internet diameter. 

θ
(x)

th

(
q
)
= θ

(x)

th
(∞) − Ax

(
q
)
q−1 (7)

A

B

C D

Fig. 4. General path connectivity and detouring. (A) Superposition of paths in 
general networks. Nonoverlapping but potentially intersecting paths are selected 
between two hub nodes A and B and grouped by their lengths. (B) Detouring of 
longer paths in (A). Each path in group k is rerouted, becoming qk times longer. 
The shortest path (blue line) is constant, while the red line shows an increased 
longer path when q = 2. (C) The anomalous resilience factors Ap(q) and Ac(q) 
show different scaling behaviors with respect to the detouring parameter q in the 
internet network topology (19). Higher Ax (q) shows higher resilience to detour-
ing. (D) Corresponding patterns are also observed in (U, V) flowers. As q increases, 
the classical Ap(q) ∼ q0 (blue) approaches a constant value. In contrast, the quan-
tum Ac(q) ∼

√
qlnq∕8 (red) increases with q.
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However, if we consider “fundamental” networks, such as spin net-
works in loop quantum gravity (51), where the length unit is ex-
tremely small (the Planck scale 10−35 m), the corrections could 
potentially become detectable.

DISCUSSION
In conclusion, our findings show the crucial role of nonshortest 
quantum entanglement paths in enhancing connectivity within QNs. 
This advancement builds on the theoretical breakthroughs achieved 
in previous studies of hierarchical scale-free network models (23, 24). 
Unlike traditional lattice models, these innovative models allow for 
precise analytical analysis of the complex critical phenomena under-
lying QNs, marking a substantial step forward in the field.

From the theoretical, statistical physics perspective, our findings, 
which place concurrence percolation in a distinct universality class 
to classical percolation, rule out the possibility that differences be-
tween classical and concurrence percolation theories are confined 
merely to short-range (i.e., ultraviolet) details. Instead, variations 
stem from long-range (i.e., infrared) behaviors. This distinction 
emphasizes the fact that concurrence percolation represents a fun-
damentally different statistical framework compared to its classical 
counterpart. The question of whether concurrence percolation can 
be described by a field theory akin to the ϕ3 model (52) for classical 
percolation remains open. Such a “concurrence” field theory could 
simultaneously manifest two (or more) length scales, a common phe-
nomenon in quantum critical systems (53). To this end, a crucial step 
involves defining a cluster-based order parameter (field) specific to 
concurrence percolation. Our non–cluster-based definition of the 
percolating strength C∞ on (U ,V) flowers could potentially serve as 
a foundation for constructing a cluster-based order parameter.

From the perspective of quantum computation and communica-
tion, our research indicates that it is possible to achieve entanglement 
transmission via longer, exponentially weaker paths composed of par-
tially entangled links, provided there is a compensatory increase in the 
number of such paths. This principle finds a parallel in branching pro-
cesses, where infinite connectivity is achievable if the growing number 
of trees with a given size exactly compensates for the exponential de-
cline in the probability of such a tree existing at the critical threshold 
(40). Further exploration of this concept through other models, such 
as the (U ,V ,W) flowers (with three different length scales), could pro-
vide deeper insights into the entanglement distribution efficiency in 
QNs. The principle of leveraging multiple nonshortest paths is partic-
ularly relevant to the rapid advancement of multiplexing techniques in 
quantum communication (54). However, the unavoidable mixing of 
entangled pure states with classical noise complexifies the scenario, 
underscoring the need for a hybrid model that incorporates elements 
of both classical and concurrence percolation. We expect that a stron-
ger connectivity would still exist in mixed-state QNs, which, if feasible 
for use, must go beyond any completely classical treatments.

Supplementary Materials
This PDF file includes:
Sections S1 to S7
Figs. S1 to S9
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