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There have been a number of recent investigations of statistical properties of the nearest-neighbor
distance of the closest diffusing particle in the presence of a trap. These have been shown to be use-
ful characterizations of self-organizing properties of simple binary reactions of the form 4 + 4 — 4
or A+ A—0. In this paper we extend our results to diffusion in the presence of an imperfect trap
in one and three dimensions. The imperfect trap is modeled in terms of a radiation boundary condi-
tion. Our exact solution permits one to follow the transition in the shape of the probability density
for the nearest-neighbor distance from the exponential in one dimension corresponding to total
reflection, to the skewed Gaussian form for perfect reaction. Similar results are given for the case of
a reactive sphere in the presence of mobile particles in three dimensions.

I. INTRODUCTION

The trapping reaction 4 + 7T — T is one of the simplest
elementary reactions in chemistry and physics. Chemical
catalysis often requires the reacting species to be trapped
at the catalytic site. This is true for some industrial
chemical reactions, requiring an active surface site as well
as for some biochemical reactions that involve an enzyme
site and a mobile substrate. Similarly, in condensed state
physics there are defect traps for electrons, holes, soli-
tons, excitons, etc. Traps and supertraps also play an
especially important role in the context of energy (excita-
tion) transport, from crystals to polymers, to photosyn-
thetic antennae (where the supertrap is the reaction
center). The kinetics of trapping have therefore played a
central role in the theoretical treatment of reaction kinet-
ics, starting from the classical work of Smoluchowski! on
coagulation, a process involving the trapping of mobile
particles by stationary aggregates (colloids). Recent re-
views’~® deal with solid-state, chemical, and biological
diffusion-limited trapping. Indeed, the trapping reaction
was probably the first one in which the role of fluctua-
tions was taken into account,’ where low-dimensional
and fractal media were considered,® and where the chemi-
cal rate coefficient was related to the random-walk
efficiency.’ ™ !! Very recently it has become evident that
the anomalous diffusion of the single mobile particle is
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directly related to the self-organization of the ensemble of
mobile particles.!>!* This self-organization expresses it-
self in a depletion zone formed around the trap which is
analogous to the depletion of A particles near B particles
and vice versa in an A + B reaction,*>!* leading to self-
segregation,'® and to the depletion of A4 particles with
respect to other A particles in an 4 + A reaction.!®~1°
We also note, in passing, the historical connection be-
tween the Smoluchowski trapping (coagulation) reaction
and a problem arising in astrophysics.?°

A measure of the self-organization of reactants around
traps, in low dimensions, and its relation to anomalous
reaction kinetics was very recently expressed in terms of
statistical properties of the distance from a stationary
trap (7) embedded in a sea of mobile ( 4) particles to the
nearest unbound A4 particle.?! In this paper we derive re-
sults for nearest-neighbor distances in the important tran-
sition regime between the original Smoluchowski model,
which requires inevitable reaction at every encounter be-
tween an 4 and a 7T, and the case in which no reaction
occurs at an encounter. Real reactions exist along the en-
tire domain between these two limits (which may depend
on the temperature and other relevant parameters). The
mathematical distinction between the different models is
contained in the boundary conditions. The Smolu-
chowski model corresponds to an absorbing boundary
condition and the present calculation uses a radiation
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boundary condition.

A number of earlier papers?! “2* have been devoted to
the calculation of statistical properties of the spacing be-
tween particles undergoing both reaction and diffusion.
The distribution of this spacing may be regarded as a
generalization of the Hertz density?° originally proposed
in the context of astronomy. Reference 21 models the re-
action in terms of an initial uniform density of particles
diffusing in the presence of a single static trap, corre-
sponding to the original Smoluchowski model. Reference
22 contains an analysis of the opposite limiting case in
which a single mobile trap diffuses in the presence of a
uniform density of particles. The intermediate case,
which would provide a more realistic model for reacting
species, allows for both the single trap and the remaining
particles to diffuse. The analysis of this case poses a con-
siderably more challenging mathematical problem, al-
though some partial results have recently appeared in the
literature.?

The Smoluchowski model' for calculating reaction
rates falls short of being a realistic model for chemical re-
actions in a number of respects. The most glaring omis-
sion is that of many-body effects. However, in spite of
the work of Waite,?* it would appear that a full many-
body analysis presents extraordinary difficulties. Hence
most theoretical work in the area has concentrated on
modifying the Smoluchowski model in various ways, be-
cause, in spite of its simplicity, it does reproduce a num-
ber of features of reaction kinetics. One of the earliest
modifications to the theory was that of Collins and Kim-
ball,”® who analyzed the original Smoluchowski model.
In this context they pointed out that changing the bound-
ary condition on the static particle from a trapping con-
dition to the so-called radiation boundary condition (i.e.,
not every encounter between an 4 and B particle results
in a reaction) eliminates at least a transient and unphysi-
cal infinity in the calculated rate constant. In the present
paper we calculate the probability density for the dis-
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tance between a static partial reflector and the nearest
particle to it (which may or may not have collided with
it) under the assumption that the mobile particles are ini-
tially uniformly distributed throughout the space. Re-
sults will be presented for diffusion along an infinite line,
and for the three-dimensional problem with spherical
symmetry.

II. ONE DIMENSION

The single static trap will be located at x =0, and
mobile particles are assumed to be initially randomly dis-
tributed on the line with a uniform density equal to c.
Once one finds the probability that the nearest-
neighboring particle is located at a distance = L from the
trap at time ¢, Qy(L,?), it is possible to calculate the cor-
responding probability density f(L,t) from the relation
f(L,t)=—03Q,(L,t)/3L. A first step in the calculation
of Qu(L,t) is to find the probability density of displace-
ment of a single diffusing particle, initially at x, in the
presence of a point characterized by the partial reflection
coefficient «, which measures the strength of the reaction.
The value k= corresponds to a perfect trap and k=0
corresponds to complete reflection. This required proba-
bility density will be denoted by ¢ (x,tIxO) and is the solu-
tion to the diffusion equation

2
g.q_. :D—a q ,
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subject to the initial condition ¢ (x,0)=8(x —x,) and the
radiation boundary condition
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The solution of the problem with the radiation boundary
condition in Eq. (2) is known to be?*
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Thus the expression for Q(L,?) can be written in terms of the functions

02755;, F(x)=e* erfc(x)
as
L o
Qo(L,t)=exp |—2¢ fo dx fo q(x,tlxo)dxo]

172
Dt

™

Lerf(8)—2

=exp {—Zc

(1—e _92)+%[e"92F(9+K\/E )— F(kV DI ) +erf(0)]

] . (6)



3118

The behavior of Qy(L,?) in the double limit Dz >>L?
and «V' Dt >>1 is found to have a Gaussian form with a
peak at L = —1/k,

2
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This form implies the intuitively obvious result that with
partial reflection the distance from the trap to the
nearest-neighboring particle is decreased over the case in

which there is perfect trapping. The asymptotic value of
the average of this distance is found from Eq. (7) to be
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which at sufficiently long times approaches proportionali-
ty to (D1)'/*/¢'/? independent of the parameter k. Thus
the asymptotic result is independent of whether there is
perfect or partial trapping. In the same limits required
for the derivation of Q,(L,t) given in Eq. (7), the corre-
sponding probability density function f(L,z) has the
form

2¢
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Some typical plots of this function as a function of L are
shown in Fig. 1. From these it is evident that the slope of
f(L,t) at L =0 can be either positive or negative. The
condition for the slope to be positive is that
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FIG. 1. Typical curves of f(L,t) plotted as a function of L,
for different values of D:. The parameter values used to gen-
erate these curves are k=3 and ¢ =0.25.
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Hence we expect that at early times the slope of f(L,?) at
L =0 is negative, while at sufficiently late times the slope
shifts to a positive value as is characteristic of the situa-
tion in which there is a perfect trap at the origin. Figure
2 shows some curves of f(L,t) when ¢ is fixed and « is al-
lowed to vary. The crossover point in the slope is found
from Eq. (10) to occur at k, =[4c?/(wDt)]'/*. 1t is readi-
ly shown that the short-time limit of Eq. (6) is just the ex-
ponential, Q¢(L,t —0)~exp(—2cL).

The reaction rate is calculated from the flux J(¢) at the
partial trap. This is given by

J(t)=—2Dc f;g—% dx0=—2Dc1cf0wq(0,t|x0)dxo
x=0

dInQ,
dL

=Dk

= —2DcxkF(xV'Dt ) . (11)
L=0

This expression has the asymptotic behavior
J(t)~—=2¢[D/(m)]'/?, which is independent of «.
Hence, just as in the case of (L (1)), the asymptotic time
dependence is unchanged from that predicted by the per-
fect trapping case.

III. THREE DIMENSIONS

We discuss only one of the many three-dimensional
analogues of the problem discussed in the previous sec-
tion, namely that of diffusion of an initially uniformly
(and therefore spherically symmetrically) distributed set
of particles in the presence of a sphere of radius r; with a
partially reflecting surface. Let the initial density of par-
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FIG. 2. Curves of f(L,t) as a function of L for different
values of the parameter k. The value k= o corresponds to the
case of a pure trap, and k=0 to total reflection. The fixed pa-
rameters are Dt =2000 and ¢ =0.25.
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ticles per unit volume be denoted by ¢, and define the di-
mensionless distance from the center of the sphere to be
p=r/ry, the dimensionless initial concentration oo=cr},
and the dimensionless time 7=Dt/r3. The probability
density for radial position at time 7 will be denoted by
q(p,7lpy), which is the solution to a spherically sym-
metric diffusion equation subject to a radiation boundary

Ko p—1

(p—1)
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condition at p=1 characterized by the dimensionless pa-
rameter k,=kr,. The function of interest in the present
investigation is not the density g (p, T|p,) itself, but rather
this function averaged with respect to the initial density,
. _ 0 2 .

i.e., p(p,7) :47rcr0fl P39 (p,7lpg)dpo. An expression for
q(p,7lpy) is given in Ref. 26. We cite the result for
p(p,7),

PN —— f —
ot 1) erfc Vo exp

plp,m)=0g [1—

Because of the spherical symmetry the expression for
Q,(Q,7), the probability that the nearest diffusing parti-
cle is at a (dimensionless) distance =) from the surface
of the sphere is

Q,(Q,7)=exp

_47Tflnp2p(p,7')dp . (13)

An exact evaluation of the integral with the integrand in
Eq. (12) leads to a complicated result, but in the limit of
large 7 the expression for Q,(,7) becomes
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0,(Q,7)~exp [—41700

Ko
Kot1

0*—1
2

|

which reduces to the Hertz distribution® in the limit of
perfect reflection (k;—0) and to the result given as Eq.
(12) of Ref. 21 when k,— . Far from the surface of the
sphere 0 — «, Q,(Q, « ) has the Hertz form independent
of the value of «, while close to the surface (Q~1),
Q,(Q, ) can be approximated by

4mo,
Kot+1

Q,(Q, x)~exp

Kot+2 5
5 (Q—1) H )
(15)

which reduces to the Gaussian form found in Ref. 21
when k,= . The asymptotic flux is constant.

We therefore see that the replacement of a trapping
boundary condition by a radiation boundary condition
gives rise to no new time dependence of reaction rates, al-
though there are local effects in the neighborhood of the
boundary. However, one might expect a different time
dependence of the reaction rate to appear if the so-called
back reaction boundary condition?’ is used (equivalent to
reversible trapping) or non-Markovian generalizations of
this type of boundary condition,”® ~3° which correspond
to the inclusion of memory effects in the interactions be-
tween the two types of particles.

4r

} . (12)

IV. DISCUSSION

Equation (11) indicates that the flux is asymptotically
proportional to ¢t~/ in one dimension, as is the case
when a perfect trapping boundary conditions is used.
This implies the same dependence on concentration and
time for the reaction (trapping) rate. In the limit of com-
plete reflection (kx=0) both the flux and the rate are
asymptotically proportional to ¢ and independent of the
time. On the other hand, in three dimensions the rate is
independent of time in both limits of complete reflection
and complete absorption. It is intuitively obvious that
for a “reaction-limited reaction,” in contrast to a
diffusion-limited reaction, one should obtain for the rate
the result familiar from classical kinetics R =kc, where k
is the traditional time-independent rate constant which
depends on the absorption (reaction) efficiency at the sur-
face. We note that in this limit k is independent of the
diffusion constant D as the diffusion process is efficient
enough, in comparison to absorption, to maintain a ran-
dom (Hertz) particle density. The same result is found by
using the ad hoc assumption>!”?! that the time depen-
dence of the reaction probability is proportional to
¢f(L,t) in the limit L —0. The same assumption also
leads to the classical result for all values of the parameter
Ko in three dimensions.

We have noted in Ref. 21 the similarity between our
model of reaction as a trapping event and the homo-
binary reaction A4 + 4 —product, where R ~c%t /% in
one dimension and R ~c¢? in three dimensions, in the lim-
it k— oo, which is equivalent to the perfectly efficient
trap. Very recent simulations for a lattice system show
that, when the probability of reaction on collision is equal
to a =1, there is a similar pattern in one dimension, i.e., a
crossover to classical behavior for a—0 accompanied by
a crossover in the shape of the probability density of the
nearest-neighbor distance from a skewed-Gaussian form
to an exponential-like one.

The experimental results for exciton heterofusion cited
in Ref. 21 can now be seen to be consistent with both the
total and partial absorption cases, but obviously not with
results obtained for perfect reflection. We can therefore
easily distinguish between diffusion-limited and reaction-
limited reactions in one-dimensional wires and pores.!’
No such easy distinction is possible in three dimensions.
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In two dimensions, there are presumably logarithmic
corrections to the results which would pose serious prob-
lems in any practical attempt to classify the type of reac-
tion.
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